
Noise-induced de-synchronization in dynamic stochastic
consumption model

Jochen Jungeilges [1], Tatyana Perevalova [2]

[1] University of Agder, School of Business and Law, Department of Economics and Finance,
Kristiansand S, Norway

[2] University of Pisa, Department of Economics and Management,
Pisa, Italy

28.05.2025

PODE25, Cartagena, Spain

Jochen Jungeilges [1], Tatyana Perevalova [2] ([1] University of Agder, School of Business and Law, Department of Economics and Finance, Kristiansand S, Norway [2] University of Pisa, Department of Economics and Management, Pisa, Italy)Noise-induced de-synchronization in dynamic stochastic consumption model28.05.2025 1 / 26



The Model

x1t+1 =
b1

pxpy
(α1x1t(b1 − pxx1t) + D12x2t(b2 − pxx2t)) + εξ1t

x2t+1 =
b2

pxpy
(α2x2t(b2 − pxx2t) + D21x1t(b1 − pxx1t)) + εξ2t

(1)

xit units of a commodity x consumed by individual i at time t
bj exogenous income of individual j
p = (px , py ) prices of consumption goods x and y
αj learning parameter
Djj ′ influence parameters
ε noise intensity
ξit Gaussian noise (iid)

ε = 0 deterministic model
ε ̸= 0 stochastic model with additive noise
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Constraints on the parameter space

Feasible phase region

If α1b
2
1 + D12b

2
2 < 4pxpy , α2b

2
2 + D21b

2
1 < 4pxpy holds, then f (S) ⊂ S

where

S =

(
0,

b1
px

)
×
(
0,

b2
px

)
(2)

is the feasible phase region.

Economic environment: p = (px , py ) =
(
1
4 , 1

)
, b = (b1, b2) = (10, 20)

1 D12 < 0.25(0.01− α1),D12 < 4(0.0025− α2), S = (0, 40)× (0, 80)

2 Fix learning parameters α1 = 0.0002, α2 = 0.00052

3 De = {(D12,D21) | 0 ≤ D12 ≤ 0.00245 ∧ 0 ≤ D21 ≤ 0.00792}
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2D bifurcation diagram

red line De = {(D12,D21) | 0 ≤ D12 ≤ 0.00245 ∧ 0 ≤ D21 ≤ 0.00792}
yellow line D21 = (D12 − α2)

b22
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+ α1
1, so that

f : x 7→ f (x) =
b21α1+b22D12

pxpy
x
(
1− px

b1
x
)
.
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Ekaterinchuk E., Jungeilges J., Ryazanova T., Sushko I. (2018). Dynamics of a minimal consumer network with

bi-directional influence. Communications in Nonlinear Science and Numerical Simulation, 58, 107-118.
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1D bifurcation diagram for D21 = (D12 − α2)
b22
b21
+ α1
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1D bifurcation diagram for D21 = (D12 − α2)
b22
b21
+ α1

Synchronized attractors such that x2 = 2x1 (black)
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Attractors for D12 = 0.00234492, D21 = 0.00749968

Here, for cycle 3MMM holds x2 = 2x1
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Attractors for D12 = 0.002358, D21 = 0.007552

Here, for chaotic attractor CMMM holds x2 = 2x1
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Noise-induced de-synchronization

for D12 = 0.00234492, D21 = 0.00749968

black ε = 0, white ε = 0.01
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Noise-induced de-synchronization
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Noise-induced transition 3MMM → EA or → 8B
for D12 = 0.00234492, D21 = 0.00749968 with ε = 0.05

Stochastic D-bifurcations
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Noise-induced transition CMMM → EA or → CB

for D12 = 0.002358, D21 = 0.007552 with ε = 0.05

Stochastic D-bifurcations
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Noise-induced transition

ℓ1 : x2 = 2x1, ℓ2 : x2 = −1
2x1 + 50 ℓ1⊥ℓ2

new random variable zi =
√

1
5(2x1i − x2i )
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Noise-induced transition 3MMM/CMMM → EA or → 8B/CB

D12 = 0.00234492,
D21 = 0.00749968

D12 = 0.002358,
D21 = 0.007552

Stochastic P-bifurcations
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Stochastic sensitivity function2 for an equilibrium

Stochastic equation: case of n-dimensions

xt+1 = f (xt , ηt), ηt = εξt , (3)

xt is an n-dimensional vector, f (x , η) is an n-dimensional vector-function,
ε is a scalar parameter denoting the noise intensity,
ξt is an m-dimensional uncorrelated random process with parameters
Eξt = 0, Eξtξ

T
t = V , V is a covariance m ×m-matrix.

Let an exponentially stable equilibrium x̄ be an attractor of deterministic
model (3) (ε = 0).

The matrix W defining the stochastic sensitivity matrix of equilibrium x is
a unique solution of following equation:

W = FWF⊤ + G .

Here F = f ′x(x , 0), G = σVσ⊤, σ = f ′η(x , 0).

2
Bashkirtseva I., Ryashko L., Tsvetkov I. (2010) Sensitivity analysis of stochastic equilibria and cycles for discrete dynamic

systems. Dynamics of Continuous, Discrete and Impulsive Systems Series A: Mathematical Analysis. 17(4), 501-515.
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Stochastic sensitivity function for a k-cycle

Let x1, x2, . . . , xk be an exponentially stable k-cycle of deterministic
system (3) with ε = 0: x t+1 = f (x t , 0) (t = 1, 2, ...k − 1), x1 = f (xk , 0).
It holds ρ(Fk · ... · F2 · F1) < 1.

System for k-cycle x1, x2, . . . , xk has a unique stable k-periodic solution
Wt :

Wt+1 = FtWtF
⊤
t + Gt . (4)

The set of matrices {W1, ...,Wk} defines the stochastic sensitivity of the
elements of the cycle. Here, the element W1 is a solution of the equation:

W1 = BW1B
⊤ + Q,

B = Fk · ... · F2 · F1,

Q = Gk + FkGk−1F
⊤
k + ...+ Fk · ... · F2G1F

⊤
2 · ... · F⊤

k .

Other elements W2, ...,Wk can be found from the equation (4) recurrently.

Here Ft = f ′x(x t , 0), Gt = σtVσ⊤
t , σt = f ′η(x t , 0).
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2D: Confidence domain for equilibrium or k-cycle

Confidence ellipse for equilibrium or element of k-cycle:

(x − x ,W−1(x − x)) = 2εq2

q2 = − ln(1− P),P is fiducial probability,
µi , vi are eigenvalues and corresponding eigenvectors of W .
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Method of confidence domain for cycle 3MMM

D12 = 0.00234492, D21 = 0.00749968

ε = 0.03

ε = 0.1
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1D: Stochastic sensitivity of a chaotic attractor3

Let’s consider the one-band chaotic attractor A.
Let the function f (x , 0) have a unique maximum at the point c−1:

f ′x(c−1, 0) = 0, f (c−1, 0) = c , f (c , 0) = c1.

3
Bashkirtseva I. and Ryashko L. (2017). Stochastic sensitivity of regular and multi-band chaotic attractors in discrete

systems with parametric noise. Physics Letters A, 381(37):3203-3210.
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Let the function f (x , 0) have a unique maximum at the point c−1:

f ′x(c−1, 0) = 0, f (c−1, 0) = c , f (c , 0) = c1.

Stochastic sensitivity of the borders c and c1 of the chaotic attractor is
defined as:

w(c1) = [f ′x(f (c , 0), 0)]
2 s(c−1) + s(f (c−1, 0)),

w(c) = s(c−1).

Confidence interval

Based on stochastic sensitivity confidence interval around chaotic attractor
can be constructed:

(c1 − 3ε
√
w(c1), c + 3ε

√
w(c))

3
Bashkirtseva I. and Ryashko L. (2017). Stochastic sensitivity of regular and multi-band chaotic attractors in discrete

systems with parametric noise. Physics Letters A, 381(37):3203-3210.
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w(c1), c + 3ε

√
w(c))

3
Bashkirtseva I. and Ryashko L. (2017). Stochastic sensitivity of regular and multi-band chaotic attractors in discrete

systems with parametric noise. Physics Letters A, 381(37):3203-3210.

Jochen Jungeilges [1], Tatyana Perevalova [2] ([1] University of Agder, School of Business and Law, Department of Economics and Finance, Kristiansand S, Norway [2] University of Pisa, Department of Economics and Management, Pisa, Italy)Noise-induced de-synchronization in dynamic stochastic consumption model28.05.2025 21 / 26



1D: Stochastic sensitivity of a chaotic attractor3

Stochastic sensitivity of the one-band chaotic attractor A:

w(c1) = [f ′x(f (c , 0), 0)]
2 s(c−1) + s(f (c−1, 0)),

w(c) = s(c−1).
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Method of confidence domains for chaotic attractor CMMM

f : x 7→ f (x) = 10(α1 + 4D12)x(40− x)
SSF and CD for 3-band chaotic attractor3

D12 = 0.002358, D21 = 0.007552

ε = 0.005 ε = 0.02
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The End

Gracias por su atención!

Thank you for your attention!
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