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The Model

xier1 = 525 (axae(by — pxxae) + Dioxae(be — poxar)) + e
Xot4+1 = pffgy (2xar(b2 — pxxat) + Darxae(b1 — pxxit)) + €€ar
Xit units of a commodity x consumed by individual i at time t
b; exogenous income of individual j
p = (px,py) prices of consumption goods x and y
a;j learning parameter
Dj;: influence parameters
€ noise intensity
it Gaussian noise (iid)

€ =0 deterministic model
€ #0 stochastic model with additive noise
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Constraints on the parameter space

Feasible phase region

If alb% + Dlgb% < 4ppy, a2b§ + D21b% < 4pxpy holds, then f(S) C S

where . .
S = (0, —1) x <0, —2> (2)
Px Px

is the feasible phase region.

Economic environment: p = (py, py) = (%, 1), b= (b1, b2) = (10,20)
@ Di» < 0.25(0.01 — 1), D1a < 4(0.0025 — a), S = (0, 40) x (0, 80)
@ Fix learning parameters a; = 0.0002, oo = 0.00052
@ D€ = {(D12,D21) | 0 < D15 <0.00245 A0 < Dy; < 0.00792}
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2D bifurcation diagram
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lEkaterinchuk E., Jungeilges J., Ryazanova T., Sushko I. (2018). Dynamics of a minimal consumer network with

bi-directional influence. Communications in Nonlinear Science and Numerical Simulation, 58, 107-118.
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2D bifurcation diagram
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1D bifurcation diagram for Dy; = (Dyp — 02)2—2 + o
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1D bifurcation diagram for Dy; = (Dyp — 042)2—% + o
1

Synchronized attractors such that xo = 2x; (black)
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Attractors for Dy, = 0.00234492, D,; = 0.
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Here, for cycle 3pmp holds xo = 2x1
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Attractors for D;» = 0.002358, D>y = 0.007552
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Here, for chaotic attractor Cpspnm holds xo = 2x7
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Noise-induced de-synchronization

for D12 = 0.00234492, D1 = 0.00749968
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Noise-induced de-synchronization

for D1 = 0.002358, D,; = 0.007552

2500 t 5000

e=0.01

2500 t 5000




Noise-induced transition 3ymm — Ea or — 8p

for D12 = 0.00234492, Dy; = 0.00749968 with € = 0.05
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Noise-induced transition 3yupm — Ea or — 8g
for D1 = 0.00234492, Dy; = 0.00749968 with £ = 0.05
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Noise-induced transition 3yupm — Ea or — 8g
for D1 = 0.00234492, Dy; = 0.00749968 with £ = 0.05
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Noise-induced transition 3yupm — Ea or — 8g
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Noise-induced transition 3yupm — Ea or — 8g
for D1 = 0.00234492, Dy; = 0.00749968 with £ = 0.05
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Stochastic D-bifurcations
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Noise-induced transition Cyyyp — Ea or — Cp
for D1> = 0.002358, Dy; = 0.007552 with € = 0.05
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Noise-induced transition Cyyyp — Ea or — Cp
for D1> = 0.002358, Dy; = 0.007552 with € = 0.05
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Noise-induced transition Cyyyp — Ea or — Cp
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Noise-induced transition Cyyyp — Ea or — Cp
for D1> = 0.002358, Dy; = 0.007552 with € = 0.05
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Noise-induced transition Cyyyp — Ea or — Cp
for D1> = 0.002358, Dy; = 0.007552 with € = 0.05
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Noise-induced transition

1 xo = 2x1, o xp = —%Xl + 50 1 L4,
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Noise-induced transition

1 xo = 2x1, by i xo0 = —%Xl + 50 1 L4,

0 10 20 30 x40 0 10 20 30 x; 40

new random variable z; = \/g(2x1,- — X2i)
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Noise-induced transition 3ymm/Crmm — Ea or — 85/Cp

D15 = 0.00234492,
D»; = 0.00749968
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Noise-induced transition 3ymm/Crmm — Ea or — 85/Cp

D15 = 0.00234492,
D»; = 0.00749968
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Noise-induced transition 3ymm/Crmm — Ea or — 85/Cp

D> = 0.00234492, D2 = 0.002358,
D1 = 0.00749968 D1 = 0.007552
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Noise-induced transition 3ymm/Crmm — Ea or — 85/Cp
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Noise-induced transition 3ymm/Crmm — Ea or — 85/Cp

D> = 0.00234492, D2 = 0.002358,
D1 = 0.00749968 D1 = 0.007552
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Stochastic P-bifurcations
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Stochastic sensitivity function? for an equilibrium

Stochastic equation: case of n-dimensions

Xt+1 = f(Xtﬂlt)7 ne = €&, (3)

x¢ is an n-dimensional vector, f(x,n) is an n-dimensional vector-function,
€ is a scalar parameter denoting the noise intensity,

&t is an m-dimensional uncorrelated random process with parameters

E¢ =0, E&ftT =V, V is a covariance m X m-matrix.

2 Bashkirtseva |., Ryashko L., Tsvetkov I. (2010) Sensitivity analysis of stochastic equilibria and cycles for discrete dynamic

systems. Dynamics of Continuous, Discrete and Impulsive Systems Series A: Mathematical Analysis. 17(4), 501-515.
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Stochastic sensitivity function? for an

Stochastic equation: case of n-dimensions

Xt+1 = f(Xtﬂlt)7 ne = €&, (3)

x¢ is an n-dimensional vector, f(x,n) is an n-dimensional vector-function,
€ is a scalar parameter denoting the noise intensity,

&t is an m-dimensional uncorrelated random process with parameters

E¢ =0, E&gtT =V, V is a covariance m X m-matrix.

Let an exponentially stable equilibrium X be an attractor of deterministic
model (3) (¢ = 0).

The matrix W defining the stochastic sensitivity matrix of equilibrium X is
a unique solution of following equation:

W=FWF' +G.
Here F = f/(x,0), G=0Vo', o0 = f,(x,0).

2 Bashkirtseva I., Ryashko L., Tsvetkov I. (2010) Sensitivity analysis of stochastic equilibria and cycles for discrete dynamic

systems. Dynamics of Continuous, Discrete and Impulsive Systems Series A: Mathematical Analysis. 17(4), 501-515.
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Stochastic sensitivity function for a k-cycle

Let x1,X2, ..., X, be an exponentially stable k-cycle of deterministic
system (3) with € = 0: X¢11 = f(X¢,0) (t =1,2,...k — 1), X1 = (X, 0).
It holds p(Fk R R Fl) < 1.
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Stochastic sensitivity function for a k-cycle

Let x1,X2, ..., X, be an exponentially stable k-cycle of deterministic
system (3) with € = 0: X¢11 = f(X¢,0) (t =1,2,...k — 1), X1 = (X, 0).
It holds p(Fk R R Fl) < 1.

System for k-cycle X1,X>, ..., X, has a unique stable k-periodic solution

W, :
‘ Wiy1 = FiWLF + G;. (4)

The set of matrices { W4, ..., Wi} defines the stochastic sensitivity of the
elements of the cycle. Here, the element W is a solution of the equation:

Wy = BWABT +Q,
B=Fi-..-F-F,
Q=G+ FG 1Fl +..+Fc...- FRGF) -...-F].

Other elements W, ..., Wi can be found from the equation (4) recurrently.

Here Ft = f;(yt,O), Gt = O'tVO'tT, o = fn/(yt,O)
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2D: Confidence domain for equilibrium or k-cycle

Confidence ellipse for equilibrium or element of k-cycle:
(x — X, W (x — X)) = 2¢4°

g?> = —In(1 — P), P is fiducial probability,
Wi, vi are eigenvalues and corresponding eigenvectors of W.

n
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Confidence domain for equilibrium or k-cycle

Confidence ellipse for equilibrium or element of k-cycle:
(x — X, W (x — X)) = 2¢4°

g?> = —In(1 — P), P is fiducial probability,
Wi, vi are eigenvalues and corresponding eigenvectors of W.
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Method of confidence domain for cycle 3

D12 = 0.00234492, Dy; = 0.00749968

e =0.03
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1D: Stochastic sensitivity of a chaotic attractor

Let's consider the one-band chaotic attractor A.
Let the function f(x,0) have a unique maximum at the point c_j:

f)(c-1,0) =0, f(c_1,0) =c, f(c,0) = ci.

f(=)

C1

0 [&] c_1 c 1

3B::nshkir‘tseva I. and Ryashko L. (2017). Stochastic sensitivity of regular and multi-band chaotic attractors in discrete
systems with parametric noise. Physics Letters A, 381(37):3203-3210.
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1D: Stochastic sensitivity of a chaotic attractor

Let’s consider the one-band chaotic attractor A.
Let the function f(x,0) have a unique maximum at the point c_y:

e1.0)=0,  fler0)=c.  f(c,0)=a.

3B::nshkirtseva I. and Ryashko L. (2017). Stochastic sensitivity of regular and multi-band chaotic attractors in discrete
systems with parametric noise. Physics Letters A, 381(37):3203-3210.
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1D: Stochastic sensitivity of a chaotic attractor

Let’s consider the one-band chaotic attractor A.
Let the function f(x,0) have a unique maximum at the point c_y:

e1.0)=0,  fler0)=c.  f(c,0)=a.

Stochastic sensitivity of the borders ¢ and c¢; of the chaotic attractor is
defined as:

w(cr) = [£(f(c,0),0)]*s(c-1) + s(f(c_1,0)),

w(c) = s(c_1).

3B::nshkir‘tseva I. and Ryashko L. (2017). Stochastic sensitivity of regular and multi-band chaotic attractors in discrete
systems with parametric noise. Physics Letters A, 381(37):3203-3210.
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1D: Stochastic sensitivity of a chaotic attractor

Let’s consider the one-band chaotic attractor A.
Let the function f(x,0) have a unique maximum at the point c_y:

e1.0)=0,  fler0)=c.  f(c,0)=a.

Stochastic sensitivity of the borders ¢ and c¢; of the chaotic attractor is
defined as:

w(cr) = [f(f(c,0),0)]* s(c-1) + s(f(c-1,0)),
w(c) = s(c_1).

v

Confidence interval

Based on stochastic sensitivity confidence interval around chaotic attractor

can be constructed:
(c1 —3ey/w(c1), ¢ + 3ev/w(c))

3B::nshkir‘tseva I. and Ryashko L. (2017). Stochastic sensitivity of regular and multi-band chaotic attractors in discrete
systems with parametric noise. Physics Letters A, 381(37):3203-3210.
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1D: Stochastic sensitivity of a chaotic attrac

Stochastic sensitivity of the one-band chaotic attractor A:

w(car) = [£(f(c,0),0)]* s(c-1) + s(f(c-1,0)),
w(c) = s(c-1).

- f@)
c
/
/
/
C1
// \\
LA
0 c1 — 3e/w(er) C-1 ¢+ 3ey/w(c)

3B::nshkir‘tseva I. and Ryashko L. (2017). Stochastic sensitivity of regular and multi-band chaotic attractors in discrete
systems with parametric noise. Physics Letters A, 381(37):3203-3210.
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hod of confidence domains for chaotic attractor Cymum

f:x— f(x)=10(a1 + 4D12)x(40 — x)
SSF and CD for 3-band chaotic attractor?

3B::nshkirtseva I. and Ryashko L. (2017). Stochastic sensitivity of regular and multi-band chaotic attractors in discrete
systems with parametric noise. Physics Letters A, 381(37):3203-3210.
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Method of confidence domains for chaotic attractor Cym

f:x— f(x)=10(a1 + 4D12)x(40 — x)
SSF and CD for 3-band chaotic attractor3
D1 = 0.002358, Dy; = 0.007552

48
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40|
36
32 . |
16 20 T1 24
e = 0.005

3Bashkirtseva I. and Ryashko L. (2017). Stochastic sensitivity of regular and multi-band chaotic attractors in discrete
systems with parametric noise. Physics Letters A, 381(37):3203-3210.
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Method of confidence domains for chaotic attractor Cym

f:x— f(x)=10(a1 + 4D12)x(40 — x)
SSF and CD for 3-band chaotic attractor3
D15 = 0.002358, D,
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e =0.02

systems with parametric noise. Physics Letters A, 381(37):3203-3210.
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