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PWS maps are characterized by

e Existence of a border (or switching manifold, or critical line) across which
the function changes its definition — Border Collision Bifurcation (BCB)
(Nusse, Yorke 1992, 1995);

e Degenerate bifurcations: local bifurcations related to the eigenvalues on the
unit circle under some degeneracy conditions (Sushko, Gardini 2010);

e Robustness of chaotic attractors (Banerjee et al. 1998);

e =Peculiar bifurcation structures which are impossible in smooth systems.
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e The phase space is separated into three partitions by two vertical discontinuity lines.
One linear homogeneous map acts in the middle partition, while the other acts in the two
external partitions. The origin is a fixed point for both maps, but since it belongs to the
middle partition, it is a virtual fixed point for the external linear map.

o Global stability and bifurcation analysis reveals coexisting attractors with constant and
oscillating mispricing.

e Erratic switches between coexisting attractors in the presence of exogenous shocks.
Stochastic model version replicates stylized facts of stock markets.

e A new type of dynamic behavior, termed a weird quasiperiodic attractor, WQA.
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PWL Homogeneous Maps: Introduction

e Gardini L, Radi D, Schmitt N, Sushko I, Westerhoff F. On the limits of informationally
efficient stock markets: New insights from a chartist-fundamentalist model, 2024.
https://doi.org/10.48550/arXiv.2410.21198.
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PWL Homogeneous Maps: Introduction
e In Gardini et al. 2025a, to simplify the analysis, we consider a modified (discontinuous
and homogeneous) version of the 2D BCB normal forms:

P Fr:(z,y) = (toz +y, —drz) if ¢ < h,
| Fr:(z,y) = (trRz + vy, —6rz) if z > h.
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" | Mr:(z,y) = (TrZ + y+u, —6rz) if > 0.

e The characteristic property of map F: maps Fr, and Fg, are homogeneous, with the
same fixed point in the origin, and it is quite straightforward to prove that map F
cannot have hyperbolic cycles. So, one can immediately exclude the possibility that its
attractors are chaotic.

e Among several known definitions of chaos, we use the following one:

Def. A 2D map F : I — I, I C R?, is said to be chaotic on a closed invariant set

X C I if (a) periodic points of F' are dense in X, and (b) F is topologically transitive,
i.e., there is a dense aperiodic (neither periodic, nor quasiperiodic) trajectory on X.
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Map F": Preliminaries

So, we consider a 2D discontinuous PWL map F : R? — R?, defined as follows:

FLZ<$>—)JL(:C) ifa:<h,
Fr:[ ® )our( ® if x> h,
Yy Yy

. TL 1 . TR 1
w=( o )m=( )

Here, §; = det J;, 7; = trJ;, 2 = L, R, are real parameters.

where
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Here, §; = det J;, 7; = trJ;, 2 = L, R, are real parameters. Indexes L and R refer to the
left and right partitions of the phase plane,

where

Dr ={(z,y) : 2 < -1}, Dr={(z,y):z> -1},

separated by the discontinuity line C_; = {(z,y) : z = —1}.
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FLZ<$>—)JL(:C) ifa:<h,
F= 4 4 h=—1,

FR:("")—UR(“") if z > h,
y y

. TL 1 . TR 1
w=( o )m=( 5 a)

Here, §; = det J;, 7; = trJ;, 2 = L, R, are real parameters. Indexes L and R refer to the
left and right partitions of the phase plane,

where

Dr ={(z,y) : 2 < -1}, Dr={(z,y):z> -1},

separated by the discontinuity line C_; = {(z,y) : z = —1}. The images of C_; are
denoted as

Ct = Fu(Co1) ={(z,y) : y =81}, C" = Fr(C-1) ={(z,y) : y = 6r}.
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Map F": Preliminaries

Examples of WQA of map F'

(a) 6, = 0.75, g = 1.2, 7, = —0.7, T = —2.5; (b) §;, = 0.7, §g = 1.001, 77, = 0.3, T = 0.71; §;, = 0.9, ég = 1.1,
T, = —2.5,(c) g = —0.7; (d) g = —1.2; (e) 6y, = 0.84,6 = 1.15, 77, = —1, 7 = —1.9; (f) §;, = 1.05, 6 = 0.7,
T, = —0.75, T = —1.6. L
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Map F": Preliminaries

Examples of coexisting WQAs with basins

20
| VIPIP 770 ]
20 y A ==
10 . =
y % —=

\ =
Z 10 ==
=
7 —
4 wp
7 /
-20 30 // /
7/
-30 40 %//
-30 -20 -10 0 10 20 30 -30 20 -10 0 10 20 30 40
X X
(a) (b)
(a) 67, =0.9,8g = 1.1, 7;, = 0.3, Tg = 0.71; (b) 67, = 0.9, g = 1.11, 71, = —2, T = —1.91.
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Map F': Weird Quasiperiodic Attractors

A weird quasiperiodic attractor (WQA) A of map F
(a) is a topological attractor: a closed invariant (F(A) = A) set with a dense trajectory
and an attracting neighborhood (any point of this neighborhood is attracted to A);
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(c) F on A is not homeomorphic to a 1D circle map.
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Thus, A is neither an attracting cycle nor a chaotic attractor: it is the closure of
quasiperiodic trajectories, with 'weird’ geometric structure.
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e Other kinds of attractors with quasiperiodic dynamics: a Cantor set attractor (as in a
gap map),
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(a) is a topological attractor: a closed invariant (F(A) = A) set with a dense trajectory
and an attracting neighborhood (any point of this neighborhood is attracted to A);

(b) does not include periodic points;

(c) F on A is not homeomorphic to a 1D circle map.

Thus, A is neither an attracting cycle nor a chaotic attractor: it is the closure of
quasiperiodic trajectories, with 'weird’ geometric structure.

e Other kinds of attractors with quasiperiodic dynamics: a Cantor set attractor (as in a
gap map), or a critical attractor (as in the logistic map at the Feigenbaum points),
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e Other kinds of attractors with quasiperiodic dynamics: a Cantor set attractor (as in a
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structure, in contrast to WQAs. A closed invariant curve with irrational rotation: map
is homeomorphic to a circle map.
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Map F': Weird Quasiperiodic Attractors

A weird quasiperiodic attractor (WQA) A of map F

(a) is a topological attractor: a closed invariant (F(A) = A) set with a dense trajectory
and an attracting neighborhood (any point of this neighborhood is attracted to A);

(b) does not include periodic points;

(c) F on A is not homeomorphic to a 1D circle map.

Thus, A is neither an attracting cycle nor a chaotic attractor: it is the closure of
quasiperiodic trajectories, with 'weird’ geometric structure.

e Other kinds of attractors with quasiperiodic dynamics: a Cantor set attractor (as in a
gap map), or a critical attractor (as in the logistic map at the Feigenbaum points), a
strange nonchaotic attractor, SNA (in maps with quasiperiodic forcing), have a fractal
structure, in contrast to WQAs. A closed invariant curve with irrational rotation: map
is homeomorphic to a circle map.

e In special cases, F' can have an attractor with a rather simple structure (e.g., a finite
number of segments). It be studied by a 1D map (a first return map on one of the
segments). E.g., for 62 = 0 or 6g = 0, the entire partition Dy, or Dg, resp., is mapped
into the straight line y = 0. If a first return map to this line exists, with a finite number
of branches, then it is topologically conjugate to a 1D PWL circle map with a rational or
irrational rotation number (Gardini et al. 2025b).
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Map F': Properties

Property 1

The fixed point O = (0,0) € Dg of map Fg is the unique fixed point of map F,
provided no eigenvalue of Fg equals 1, i.e., 1 — 7g + ér # 0.
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Map F': Properties

Property 1

The fixed point O = (0,0) € Dg of map Fg is the unique fixed point of map F,
provided no eigenvalue of Fg equals 1, i.e., 1 — 7g + ér # 0.

Property 2

Invertibility of map F' is of (a) Z1 — Zo — Z1 type for 0 < 6r < 8z, or 6 < 0r < 0;
(b) Z1 — Za — Zy type for 6r < 81, <0, or 0 < 61, < 6g;

(c) Zo — Z1 — Z5 type for 6.6r < 0; (d) Z1 — Zeo — Z1 — Zo type for 6 =0, 6r # 0;
(e) Zo — Zoo — Zo — Z1 type for 6r =0, 61 # 0; (f) Z1 — Zs — Z type for 6g = 6y,
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Map F': Properties

Property 3

In the (0:, 7:)-parameter plane, © = L, R, the eigenvalues Aﬁ,z = %(n + /77 — 46;) of
matrix J; satisfy 3',2 < 1 in the stability triangle T, defined as
T%:{(Ji,Ti):5i<l, —1—5¢<T¢<1+51‘}. _

T* is bounded by the segments of the straight lines 7; = 1+ d; (related to A} = 1),

T; = —1—6; (related to A5 = —1), and §; = 1 (related to complex-conjugate |A] 5| = 1).
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matrix J; satisfy 3',2 < 1 in the stability triangle T, defined as
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T* is bounded by the segments of the straight lines 7; = 1+ d; (related to A} = 1),

T; = —1—6; (related to A5 = —1), and §; = 1 (related to complex-conjugate |A] 5| = 1).

Property 4

For the fixed point O, the boundary of T'® defined by 7r = 1 + g corresponds to a
degenerate +1 bifurcation, at which any point of halfline
SE ={(z,y): 2> -1, y = —dgrz} is fixed;
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Property 3
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degenerate +1 bifurcation, at which any point of halfline

SR ={(z,y): 2> —1, y = —6grz} is fixed; the boundary defined by 7 = —1 — 6&
corresponds to a degenerate flip bifurcation, at which any point (except the fixed point
O) of segment SR = {(z,y) : =1 <z <1, y=0grz} is 2-periodic;
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Property 3

In the (8:, 7:)-parameter plane, 2 = L, R, the eigenvalues A] ;, = %(n + /77 — 46;) of
matrix J; satisfy §2| < 1 in the stability triangle T, defined as
T%:{(&i,Ti):5i<1, —1—5¢<Ti<1+51‘}. _

T* is bounded by the segments of the straight lines 7; = 1+ d; (related to A} = 1),

T; = —1—6; (related to A5 = —1), and §; = 1 (related to complex-conjugate |A] 5| = 1).

Property 4

For the fixed point O, the boundary of T'® defined by 7r = 1 + g corresponds to a
degenerate +1 bifurcation, at which any point of halfline

SR ={(z,y): 2> —1, y = —6grz} is fixed; the boundary defined by 7 = —1 — 6&
corresponds to a degenerate flip bifurcation, at which any point (except the fixed point
O) of segment SR = {(z,y) : =1 <z <1, y = 06gz} is 2-periodic; the boundary
defined by g = 1 corresponds to a center bifurcation of O, at which for a rational
rotation number p = m/n of matrix Jg, i.e., for Tr = 2 cos(2rm/n), there exists an
invariant polygon with n sides filled with nonhyperbolic cycles having rotation number
m/n, while if p is irrational, there then exists an invariant region filled with quasiperiodic
trajectories and bounded by an invariant ellipse tangent to the discontinuity line C_;.
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Map F': Properties

Let F, denote a composite map, F, = F,, 0 F,,...0 F,_ _,, where 0 = 0001...0n,_1 is a
symbolic sequence with o; € {L, R}, n > 2.
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Map F': Properties

Let F, denote a composite map, F, = F,, 0 F,,...0 F,_ _,, where 0 = 0001...0n,_1 is a
symbolic sequence with o; € {L, R}, n > 2.
n—1
The corresponding Jacobian matrix is J, = H‘]"i’ and its characteristic polynomial is
=0

Py(A) = A% —trd, A +det J, = 0.
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Let F, denote a composite map, F, = F,, 0 F,,...0 F,_ _,, where 0 = 0001...0n,_1 is a
symbolic sequence with o; € {L, R}, n > 2.
n—1
The corresponding Jacobian matrix is J, = H‘]"i’ and its characteristic polynomial is
j=0
Py(A) = A% —trd, A +det J, = 0.
The fixed point equation F,(z,y) = (z,y) has a unique solution (z,y) = (0,0), provided
that P;(1) # 0 (i.e., matrix Jo has no eigenvalue 1), so that the unique hyperbolic fixed
point of F, for any o is the fixed point O.
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Let F, denote a composite map, F, = F,, 0 F,,...0 F,_ _,, where 0 = 0001...0n,_1 is a
symbolic sequence with o; € {L, R}, n > 2.
n—1
The corresponding Jacobian matrix is J, = H.L,j, and its characteristic polynomial is
j=0
Py(A) = A% —trd, A +det J, = 0.
The fixed point equation F,(z,y) = (z,y) has a unique solution (z,y) = (0,0), provided
that P;(1) # 0 (i.e., matrix Jo has no eigenvalue 1), so that the unique hyperbolic fixed
point of F, for any o is the fixed point O. Thus, the following property holds:

Property 5

Map F' cannot have cycles of period n for any n > 2, except for nonhyperbolic n-cycles
with an eigenvalue equal to 1.
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that P;(1) # 0 (i.e., matrix Jo has no eigenvalue 1), so that the unique hyperbolic fixed
point of F, for any o is the fixed point O. Thus, the following property holds:

Property 5

Map F' cannot have cycles of period n for any n > 2, except for nonhyperbolic n-cycles
with an eigenvalue equal to 1.

Property 6

Map F has a maximal admissible set of n cyclic segments (bounded or one-side
unbounded), say, S7 = {S7}"_5, n > 2,
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with an eigenvalue equal to 1.

Property 6

Map F has a maximal admissible set of n cyclic segments (bounded or one-side

unbounded), say, S° = {S;-’};-‘;Ol, n > 2, filled with nonhyperbolic n-cycles (with

eigenvalue +1) having symbolic sequence o,
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Let F, denote a composite map, F, = F,, 0 F,,...0 F,_ _,, where 0 = 0001...0n,_1 is a
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n—1
The corresponding Jacobian matrix is J, = H‘]"i’ and its characteristic polynomial is
j=0
Py(A) = A% —trd, A +det J, = 0.
The fixed point equation F,(z,y) = (z,y) has a unique solution (z,y) = (0,0), provided
that P;(1) # 0 (i.e., matrix Jo has no eigenvalue 1), so that the unique hyperbolic fixed
point of F, for any o is the fixed point O. Thus, the following property holds:

Property 5

Map F' cannot have cycles of period n for any n > 2, except for nonhyperbolic n-cycles
with an eigenvalue equal to 1.

Property 6

Map F has a maximal admissible set of n cyclic segments (bounded or one-side
unbounded), say, S° = {S;-’};-‘;Ol, n > 2, filled with nonhyperbolic n-cycles (with
eigenvalue +1) having symbolic sequence o, provided that P,(1) = 0, det J, # 1, and

S7 =V C Do, for all 3 =0,n — 1. Here V7 are eigenvectors of J, related to A = 1.
) 3
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Bifurcation structure of map F: WQA and divergence

How to get boundaries associated with P,(1) = 0 and set S° of n cyclic segments filled
with nonhyperbolic o-cycles?
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Bifurcation structure of map F: WQA and divergence

How to get boundaries associated with P,(1) = 0 and set S° of n cyclic segments filled
with nonhyperbolic o-cycles?

We illustrate the corresponding steps using basic symbolic sequences

o=LR" 'and o =RL™", n>3,
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Bifurcation structure of map F: WQA and divergence

How to get boundaries associated with P,(1) = 0 and set S° of n cyclic segments filled
with nonhyperbolic o-cycles?

We illustrate the corresponding steps using basic symbolic sequences
o=LR" 'and o =RL™", n>3,
as well as symbolic sequences that are complementary to these sequences, namely,

o =L°R" % and 0 = R°L"?,

respectively, assuming the simplest case of rotation number p = 1/n.
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Bifurcation structure of map F: WQA and divergence

How to get boundaries associated with P,(1) = 0 and set S° of n cyclic segments filled
with nonhyperbolic o-cycles?

We illustrate the corresponding steps using basic symbolic sequences
o=LR" 'and o =RL™", n>3,
as well as symbolic sequences that are complementary to these sequences, namely,
o =L°R" % and 0 = R°L"?,

respectively, assuming the simplest case of rotation number p = 1/n.

Rotation number of a cycle

For a (nonhyperbolic) cycle with a symbolic sequence o, by its rotation number
p = m/n, we mean that along the cycle the trajectory makes m turns around the origin
in n iterations.
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Bifurcation structure of map F: WQA and divergence

Bifurcation structure of map F' in the (77, 7r)- and (dr, Tr)-parameter plane

Blue and yellow parameter regions indicate convergence to the fixed point O and to a
WQA, respectively. Gray regions indicate divergence.
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Bifurcation structure of map F: WQA and divergence

05 1 TL 15

(@)

A 1D bifurcation diagram of map F showing z versus 7z in (a), and y versus 7z in (b)
for 5[, = 0.9, 5}2 = 0.7, and TR = —2.
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Divergence regions and dangerous BCB of O at h =0

An analogue of a dangerous BCB in the 2D BCBNF (see e.g., Ganguli & Banerjee 2005)
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Divergence regions and dangerous BCB of O at h =0

An analogue of a dangerous BCB in the 2D BCBNF (see e.g., Ganguli & Banerjee 2005)
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Dynamics of map F' near the divergence region Df/5
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Dynamics of map F' near the divergence region Df/5
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Dynamics of map F' near the divergence region Df/5
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Dynamics of map F' near the divergence region D‘lL/5
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Dynamics of map F' near the divergence region D‘lL/5

8
—
10 S C. 6
X }
y s Y N
shspr Ca
» 2
Ct
o CR ‘0 Ser ol C* 0
g h
>
i._ 5
J S;zlzi a /,,
25
115 12 125 13 135 14 10 5 0 5 0 -10 8 5 4 2 0 2 4 6
7 X
L © (d) *

Weird quasiperiodic attractors

PODE25, Cartagena, Spain, May 28-30, 202§

21/34



Dynamics of map F' near the divergence region D‘lL/5
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Dynamics of map F' near the divergence region D{’/5
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Dynamics of map F' near the divergence region Df’/5

In the yellow regions, there is a dense set of curves associated with rational
rotation numbers and the existence of corresponding bounded segments filled with
nonhyperbolic cycles, but the general case is the existence of WQAs associated
with irrational rotation numbers.
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A mechanism of the appearance of a WQA (schematically)
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WQA can be seen as a limit set of the iterations of the segment (P, P,), where P is an
intersection point of the discontinuity line and the eigenvector V7 (associated before
with a segment S§ of nonhyperbolic o-cycles), and P, = F?(P).

In the above example, a dense quasiperiodic trajectory on the WQA includes critical
point Pr = Fgr(P), so that WQA is a closure of the trajectory with the initial point Pg.
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Bifurcation boundaries in the parameter space of map F

Recall: the existence of a set S = {Sf}::zg*l of n segments filled with nonhyperbolic
o-cycles is associated with the conditions P,(1) = 0, moreover, the related admissibility
conditions must be satisfied: all the segments must be located in the proper partitions.
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Bifurcation boundaries in the parameter space of map F

Recall: the existence of a set S = {Sf}::zg*l of n segments filled with nonhyperbolic

o-cycles is associated with the conditions P,(1) = 0, moreover, the related admissibility
conditions must be satisfied: all the segments must be located in the proper partitions.

Existence of S° for o = LR™ !, 0 = L?R™ 2, n >3

Brpn-1: Prpn-1(1) = 1—7ran_1 +(5L+5R)an_2+5u5;_1 =0 and (ALRnil) holds,

Bregn-a: Pragna(1) =1+ (12(8z + 6r)—61TR)an—3 — (T — 26L)an_2+
+626572 = 0and (A¥F") holds,
where (ALRnil) . SER"' C Dy, S]LR%l CDg, j=1,n-1,
(AP SR C Dy, SFR C Dy, SFRC C DR, j=2m—1,

and ag is the solution of the second-order homogeneous linear difference equation
A = TRAK—1 —5Rak,2, ag = 1, ai; = TR, b= 2,3,....
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Bifurcation boundaries in the parameter space of map F

Recall: the existence of a set S = {Sf}igil of n segments filled with nonhyperbolic
o-cycles is associated with the conditions P,(1) = 0, moreover, the related admissibility

conditions must be satisfied: all the segments must be located in the proper partitions.

Existence of S° for o = LR™ !, 0 = L?R™ 2, n >3

Brpn-1: Prpn-1(1) = 1—7ran_1 +(5L+53)an_2+5usg_1 =0 and (ALRnil) holds,

BLZRn72 5 PLZRnfz(l) =1+ (TL(&L ar 5R)_(SLTR)an73 - (7—12, - 26L)an72+
+626572 = 0and (A¥F") holds,
where (ALRnil) . SER"' C Dy, S]LR%l CDg, j=1,n-1,
(AP SR C Dy, SFR C Dy, SFRC C DR, j=2m—1,

and ag is the solution of the second-order homogeneous linear difference equation
A = TRAK—1 —5Rak,2, ag = 1, ai; = TR, b= 2,3,....

Brgn—1 and Br2gn—2 are boundaries of the divergence region Dﬁn if there exists
corresponding o-cycle at infinity (i.e., all the segments are admissible and one-side

nboun
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Bifurcation boundaries in the parameter space of map F

Transition from real to complex-conjugate eigenvalues of matrix J,gn—1 = JgflJL and
. —2 .

matrix Jp2gn—2 = Jg JZ occurs crossing a parameter set By gn—1 and Er2gn—2,

respectively, defined as follows:

ELRn—l : (TLan_l — (5[, + JR)an_2)2 — 451,5;;_1 =

- k)

E'L2Rn—2 : (((51,7'3 — n,(éL =+ (SR))an_g =+ (Tz = 26L)a,n_2) = 45%5;{_2 = 0.
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Bifurcation boundaries in the parameter space of map F

Transition from real to complex-conjugate eigenvalues of matrix Jyzn—1 = Jp *Jr, and
matrix Jy2gn-—2 = Jg—ng occurs crossing a parameter set Eypn—1 and Ep2pn-2,
respectively, defined as follows:

ELRn—l : (TLa-,,,_l — (5[, + 5R)an_2)2 — 45[,5;;_1 =

- k)

E’Lan—z : ((JLTR — TL((SL =+ 53))an_3 =+ (T[% = 25L)a,n_2) = 45%5;{_2 = 0.

The boundary Hy gn—1 is defined as follows:
HLRn—l a 5[,(1-,7__3 — TLAn—2 = 0, HLRn—l C Df/‘n.

. . . n—1
e On one side of boundary Hygn-1, it holds that the unstable eigenvectors VjLR are

. o 2 gn—2 . .
admissible, while eigenvectors V;*" *" " are not admissible (so that an attracting
LR™ '-cycle at infinity exists, while the L?R™ 2-cycle is virtual);
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Bifurcation boundaries in the parameter space of map F

Transition from real to complex-conjugate eigenvalues of matrix J,gn—1 = JgflJL and
. —2 .

matrix Jp2gn—2 = Jg JZ occurs crossing a parameter set By gn—1 and Er2gn—2,

respectively, defined as follows:

Epgn—1: (Tp@n—1— (6z + 5R)an—2)2 = 45L5;;_1 =0,

E’Lan—z : ((JLTR — TL((SL =+ 53))an_3 =+ (T[% = 25L)a,n_2) = 45%5;{_2 = 0.

The boundary Hy gn—1 is defined as follows:

R
HLRn—l a 5[,(1-,7__3 — TLAn—2 = 0, HLRn—l C Dl/‘n.'

. . . n—1
e On one side of boundary Hygn-1, it holds that the unstable eigenvectors VjLR are

. g 2pn—2 . .
admissible, while eigenvectors V;*" *" " are not admissible (so that an attracting
LR™ '-cycle at infinity exists, while the L?R™ 2-cycle is virtual);

n . 2 pn—2
e On the other side of boundary Hyzn—1, the unstable eigenvectors V]-L R are

. S n—1 . .
admissible, while eigenvectors VjLR are not admissible (so that an attracting
LZR™ %_cycle at infinity exists, while the LR™ *-cycle is virtual).
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Bifurcation boundaries in the parameter space of map F

Existence of S° for c = RL™ !, 0 = R?L™ % n >3

BRLnfl 5 .PRLnfl(l) = l_TRbnfl +(6R+6L)bn72+5}26’271 =0 and (ARLTL_I) h0|ds,

BR2Ln—2 5 PRan—2(1) =1+ (TR(5L+5R) — 5RTL)bn73 = (7'}2:1 = 263)1)”,2-{—
+6%672 =0 and (AF"7) holds,

Where n—1 n—1 n—1 —_—
(AR ). S C DR, ;¥ CDi, j=T,n—1,

(ARzL"_Z) : S’éian_z C Dg, szLn_Z C Dg, SJRQLH_Z CDy, 7=2,n-1

and by is a solution of the second-order homogeneous linear difference equation

bk = Tbe—1 — 0rbr—2, bo =1, by =71, k=2,3,....

Bgrrn—1 and Bgzn—2 are boundaries of the divergence region DlL/n if there exists
corresponding o-cycle at infinity (i.e., all the segments are admissible and one-side
unbounded).
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Bifurcation boundaries in the parameter space of map F

Transition from real to complex-conjugate eigenvalues of matrix Jgzn—1 = J; ' Jg and
. —2 .

matrix Jpzpn—2 = Jp J2 occurs crossing a parameter set Egpn—1 and Egapn—2,

respectively, defined as follows:

Brpn-1: (TRbn—1 — (6r + 61)bn—2)" —46R67 " =0,

Epopn-2: (((SRTL — TR(JR + 5L))bn_3 + (T}% = 253)bn_2) = 4512252_2 =0.

The boundary Hg;~-1 is defined as follows:

Hppn-1: Orbn_3 — TRbn—2 =0, Hppn-1 C Di,.

. . . n—1
e On one side of boundary Hgrpn-1, it holds that the unstable eigenvectors VjRL are

. o 2pn—2 . .

admissible, while eigenvectors V;% X"~ are not admissible (so that an attracting

RL™ '-cycle at infinity exists, while the R*L™ 2-cycle is virtual);

V_HZL"_Z
J

e On the other side of boundary Hgyn-1, the unstable eigenvectors are

. S n—1 . .
admissible, while eigenvectors VjRL are not admissible (so that an attracting
R2L™ %_cycle at infinity exists, while the RL™ *-cycle is virtual).
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