Optimal Design of the Damping Set for the Stabilization of the Wave Equation
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Problem Formulation

We consider the nonlinear optimal design problem

(P) inf J(Xw):;/OT/Q(|ut|2+|VU|2) dudt

weNL

where

e 1 solves the damped wave equation

uy — Au+a(z) X, (x)ug =0
u=0
U(O,) = Ug, Ut (O:) =u

with Q C RN, N = 1,2, a bounded domain, (ug,u;) € HixL?,and 0 < a < a(z) < 3 < o0,
e U ={wCQ: |w=L|Q, 0<L<1}, |A|being the Lebesgue measure of A,

e X, is the characteristic function of w.

Theoretical Results Numerical Results

Relaxation Algorithm of minimization

It is well—knov.vn that (P) may be ill-posed. Step 1: Numerical resolution of the relaxed problem (RP) by using a gradient
We then consider the relaxed problem descent method.

Step 2: Penalization’s techniques to recover some elements of a minimizing

1 [T sequence of (P) from the optimal relaxed density obtained in Step 1. See [1,3].
(RP)  inf J(s) =3 / / (rul? +19uf?) et a (P) p y p 1. See 13
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where S, = {s € L= (€;[0,1]) : [, s(z) dz = L|Q|} and u solves

ug — Au+ a (z) s(z)uy = 0, . .
w0, ( t Numerical Experiments

uw(0,) =uo, wu(0,:) =uy i 1D case

Main Result

Problem (RP) is a full relazation of (P) in the sense that

(i) there are optimal solutions for (RP),
(ii) the infimum of (P) equals the minimum of (RP),

y])). for n =5 (left) and n =
P ; ; 1o(2) = sin(wx), uy (z) = 0.
(iii) if s is optimal for (RP) and X,,; converges weakly to s, !
then X,,; is a minimizing sequence for (P). —

J(sh)

J(s],)
J(s") | 11371 1.1355

Table 1: Values of the cost function .J
corresponding to the densities:
(a) s for the initialization of the algorithm,

Remarks (b) s;, for the optimal relaxed density, and

(c) s? for the penalized density.
e Proof of the above result is based on a suitable reformulation of (P) as 2D case
a non-convex vector variational problem and the use of gradient Young
measures (see [3] and the references therein).

e Part (iii) above is equivalent to saying that the Young measure associated
with an optimal sequence of damping sets is s (z) 61 + (1 — s (x)) do.

e From (iii) above it follows that the map s — J(s) is continuous for the
weak™* topology. This fact may also be obtained by more classical methods
(see [2]), but we believe our perspective is more general in scope.

Figure 2: Optimal relaxed density s (left) and its associated penalized density s?
(right) corresponding to the initial density s°(z) = 0.2Xo(z) - L = 0.2 - Q = (0,1)?
T =4-a(x) =5Xo(x) - up(x) = exp™100(r1=0.3)7=100(x2=0.3)" 3 4y (2) = 0. The

Conclusions and Perspectives

e A new approach based on the use of Young measures has been introduced
for solving the nonlinear optimization problem which consists in finding
the optimal damping set for the stabilization of the wave equation.

e Numerical experiments highlight the influence of the over-damping R, f
phenomena and show that for large values of fche damping potencial the ererences
;?Ogérelghféomcm (P) has no a minimizer. This fact justifies the relaxation’s [1] Allaire, G., Shape optimization by the homogenization method, Springer 2002.

® The methodology introduced in this work seems to be very appropriate [g} P;ahroo.,1F. dﬁl/ld tl}to., 2%9 ggnﬁzmi%lg?rmulamon of optimal damping designs,
to deal with some other more general problems like the stabilization of ontemporary Math., 299, Jo-11%, ’
the system of elasticity, and dynamic optimal design problems where the [3] Miinch, A., Pedregal, P. and Periago, F., Optimal design of the damping set for
designs appear in the principal part of the operator. the stabilization of the wave equation. To appear in Journal of Differential Equations.
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