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On the existence and uniqueness of solutions for an
incomplete second-order abstract Cauchy problem

by

F. PeEriaGgo (Cartagena) and B. STRAUB (Sydney)

Abstract. We prove existence and uniqueness of classical solutions for an incomplete
second-order abstract Cauchy problem associated with operators which have polynomially
bounded resolvent. Some examples of differential operators to which our abstract result
applies are also included.

1. Introduction. Let (X,|| - ||) be a complex Banach space and let
A:D(A) C X — X be a closed linear operator. Consider the incomplete
second-order abstract Cauchy problem

u’(t)+ Au(t) =0 fort >0,
(ACP) ¢ w(0) = ug,
suppsallu(t)] < .

This problem was studied by Balakrishnan in [2, Theorem 6.1] in the case
that A is sectorial and densely defined (see also [1, Theorem 3.8.3] or [9,
Theorem 6.3.2]). We recall that A is said to be w-sectorial with 0 <w < 7
if the resolvent set p(A) of A contains a sector

S, ={Ae C\{0}:]arg\| < w}
and if there exists a constant C' > 0 such that
(1) (A=A < A" forall A€ S,.

Many important elliptic differential operators are sectorial, especially
when they are considered in LP-spaces (see, for instance, [8, Chapter 3]).
However, (1) fails for the same elliptic operators when they are considered

in a space C%(£2), 0 < a < 1, of Hélder continuous functions, as shown in
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[8, Example 3.1.33] for the case of the Laplacian. For these operators we
only have an estimate such as

(2) (A=A < CIAY forall A €S, and some —1 < v < 0.

More generally, we say that a closed linear operator A has polynomially
bounded resolvent if p(A) contains a sector S, for some 0 < w < 7, and
there are constants C' > 0 and n € Ng = {0,1,2,...} such that

(3) (A =AY < CA+ A" forall A€ S,

It is not difficult to show that if p(A) contains S, and A satisfies (2), then
0 € o(A) and (3) holds for n = 0.

The aim of this paper is to prove existence and uniqueness of classical
solutions for (ACP) when A is an operator with polynomially bounded resol-
vent, possibly with non-dense domain. In Section 2 we provide a result that
relates an analytic semigroup of growth order a to analytic Clp-semigroups
on certain intermediate spaces. This is the key to the proof of our main
theorem which is stated and proved in Section 3. Section 4 contains some
examples of differential operators to which our abstract result can be ap-
plied.

Finally, we note that for initial values x € D(A"1), the result of Theo-
rem 3 can be deduced using the fractional powers of [7, Theorem 5.4] and the
ideas developed in [5, Section 2] that are needed to prove [5, Remark 2.14].
However, we present here a direct method which enables us to prove the re-
sult for a set of initial data larger than D(A"*!), as Example 1 shows. Note
that the fractional powers of [7, Theorem 5.4] coincide with the operators C'®
introduced in [15].

2. Analytic semigroups of growth order a. Semigroups of growth
order a were introduced by G. Da Prato [3] in 1966 (see also [12, 14, 18]). It
is well known that every semigroup of growth order a gives rise to a strongly
continuous semigroup on an intermediate space. In this section we show that
if the semigroup of growth order « is analytic, then the intermediate space
can be chosen such that the corresponding Cy-semigroup is analytic as well.
We first recall the basic definition.

Let o > 0. A family (7'(¢))¢>0 of bounded linear operators on X is said
to be a semigroup of growth order « if it satisfies

(A) T(t+s)=T(t)T(s) forall t,s> 0,

(Ay) for every @ € X, the mapping t — T'(t)x is continuous on ]0, o[,
(As) |[t*T(t)|| is bounded as t — 0,

(A4) T(t)z = 0 for all ¢ > 0 implies z = 0, and

(As) Xo = U0 T(t)X is dense in X.
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Note that for any such family (7'(¢))>0, the limit
1
vy = tlim ?log 1Tl

exists and belongs to [—o00, o). Hence, for every v > vy, there exists M, > 1
such that

(4) [t°T(t)|| < M,e”*  for all t > 0.

The infinitesimal generator Ag of a semigroup (7'(t))¢>o of growth order «
is defined as

.1
Agz = 1151_{% n (T(t)x — z)

with domain D(Ag) = {z € X : lim;_ot YT (t)z — z) exists}. As noted
n [12], the operator Aq is closable. Its closure A = Ag is called the complete
infinitesimal generator of (T(t))>o.

The continuity set of (T'(t))i>o is the set

(5) R={zeX:Tt)r—x—0ast—0,t>0}.

Clearly, Xo is dense in {2. Moreover, we have D(A"T!) C {2, where n is the
integer part of a (see [12, Lemma 3.3]).

Let v > 1. Then by (4), for every z € §2, the function ¢ — |le™*T'(¢)z||
is bounded on [0, oo[. It is well known that

N(z)=sup|e " T(t)z| forall z € 2
>0

defines a norm on {2 and that the space (£2, N(-)) is a Banach space. Note
that N(z) > ||z|| for all z € 2. Hence, £2 is densely and continuously
embedded into X.

Since the semigroup T'(+) is strongly continuous on ]0, o[, the operators
T(t) with t > 0 leave 2 invariant. Therefore, we can consider the restriction

of (T'(1))i>0 to 2. We set
Uit)=T(t)|p forallt>0

and U(0) = Ip. By [10, Theorem 2.2], the operator family (U(t));>o forms
a strongly continuous semigroup on {2 satisfying N(U(t)z) < e’* N(z) for
all t > 0 and z € §2. Moreover, its generator B is the part of Ag in {2, that
is, D(B) = {x € D(Ag) : Aoz € 2} and Bz = Agz for all z € D(B). As the

next lemma shows, the operator B is also the part of A in (2.
LeEmMA 1. Let @ € D(A) be such that Ax € 2. Then z € D(Ap).

Proof. By [12, Lemma 3.1], the function ¢ — T(t)x, t > 0, is differen-
tiable with
d

pr T(t)e = AgT(t)e = T(t)Az  for all ¢ > 0.
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Since Az € £2, the derivative £7(-)z is continuous on [0, co[. It follows that

1 1
}1_{% T(t)e = 11_{[(1) (T(l):v — ST(S)A:L’ ds) =T(1)z - ST(S)A:L’ ds = y.
t 0
Since T'(t)y = lim,_oT(t) T(r)z = lim,_o T(t + r)x = T(t)z for all t > 0,
property (Ay) yields y = z. Hence z € 2 and
1 1
lim = (T(t)z — x) = lim — ST(S)A:L’ ds = Az.

t—0 1 t—0 1
0

In particular, z € D(Ap). =

Following [16], if the semigroup (7(¢))¢>o of growth order o has an ex-
tension to a sector Sg with 0 < § < 7/2 such that

(A T(t+s)=T()T(s) for all t,s € S,
(AY) the mapping ¢ — T'(¢) is analytic on S,
(A%) for each 0 < e < 4, there exist constants M. > 1 and v € R such
that
11T (t)|| < M.evRet  forall t € Ss_. \ {0},

then the family (7'(¢)):es, is called an analytic semigroup of growth order a.

Let (T'(t))ies, be an analytic semigroup of growth order a on X, with
generator Ay and complete infinitesimal generator A = Ag. It follows from
the above that there exists a Banach space that is densely and continuously
embedded in X, on which A generates a strongly continuous semigroup.
The aim of this section is to show that there exists a Banach space, also
densely and continuously embedded in X, on which A generates a strongly
continuous analytic semigroup.

The continuity set §2 of (T'(?))es, is given by (5). Let 0 < ¢ < 4. We
define the angular continuity set 2. of (T(t))ies, by

Q.={reX :T()x—z—0ast—0,1ec89 ],
where §%__ = S5_.\ {0} and S3 = 10, oc[. In particular, 25 = 2. By (A})
and the definition of the sets (2., it is clear that
XoC o, C,CRCX forall0<e <eg <.
Let 0 < e <6 and v > 0 be as in property (A%). Given z € 2., we have

N(z)= sup [e™T(t)z|| < oo.
teS9_,
This follows from the fact that T'(t)z — 2 as t — 0, together with the
estimate (A%). It is not difficult to see that the mapping z — N.(z) defines
a norm on {2, and that the space ({2., N.(+)) is a Banach space. Note that
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if 0 < ey <eg <4, then N, (2)> N.,(x) > ||z|| for all € (2, . Hence, (2.,
is continuously embedded in (2., as well as in X.
Fix 0 < ¢ < 4. Since the semigroup T(+) is strongly continuous on 52_6,

the operator T'(t) with ¢ € SY__ leaves f2. invariant. Hence, we can consider
the restriction of T'(¢) to £2.. We set

U(t)=T(t)|a, forallteSY _, U(0)=1I|g..

PROPOSITION 2. The operator family {U.(t) : t € Ss5_.} forms an ana-
lytic Co-semigroup on 12, satisfying N.(U.(1)) < e?Ret for all t € S5_.. Its
generator is the part of A in f2..

Proof. Clearly, the operators U.(t) with t € Ss_. are linear operators on
2. with

NU(t)a) = sup [l T(s)T (0]l = sup [lee=+IT(s + )]
SESG_. s€S55_.
<t qup (e T (el < RN ()
set+59_,

for all z € f2..

The definition implies that the family U.(-) has the semigroup property
Uct+s) =U(t)Uc(s) for all t,5 € S5_..

Let # € £2.. From (A%) it follows that the function ¢ — e T (¢)x is

uniformly || - ||-continuous on Ss_.. Hence
Ne(Ue(t)e —z) = sup |lemT(s)(T(t)z — )|
s€S;_.
= sup [le”?CIT(s+ o — e T(s)x + (e = 1)e T T(s + )|
s€SG_,

< sup |le™TOT(s 4+ t)e — eV T(s)a|| + [t — 1] No(z) — 0
€55

ast — 0,1t ¢ 52_6. This means that U.(-) is strongly continuous on Ss_..
Take 6 € (—(6—¢),§—¢). By the above, the operator family (U.(e"t))s>o
forms a strongly continuous semigroup on £2.. We show next that its gen-
erator By is the part of € A in (2., that is, By is given by Bgz = €' Az for
all z € D(Bg) ={z € D(A): Az € (2.}.
First, recall that ||z|| < Ng(z) for all @ € §2.. Hence, if z € D(By) then

%(T(ewt):v —z)— Bgz

< NE(% (U.(et)e — 2) - B@ib’) —0

as t — 0. Since by [19, Theorem 1], (T(e"t))>o0 is a semigroup of growth
order @ whose complete infinitesimal generator is €9 A, this shows that €
D(A) and Byz = ¢ Az. Hence, By is contained in the part of ¢’ A in ..
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Conversely, let z € D(A) be such that Az € 2.. As 2. is contained in
the continuity set of the semigroup (T(¢'%t))s0 of growth order a, it follows
by [19, Theorem 1] and Lemma 1 that ||t~ (T(et)x — z) — € Az|| — 0 as
t — 0. Since Az € £, [12, Lemma 3.1] shows that the function ¢ — T'(e't)x
is continuously differentiable in [0, oo[ with £7(ei%t)z = e T(ei%t) Az for all
t > 0. Here, we set T(0) = Ix. This gives T(e“t)z — x = Sé eT(er)Az dr
for all ¢ > 0. Then

N. G (V1) — 2) — eMA:L')

()| (1) ) - |

= sup
€55
18 . . 18 .
= sup H i Se_”ewT(s + ey A dr — i Se_l’sewT(s)A:U dr
se€S5_ 11" o 0
Lt
16 ;
< sup - S e (N T (s 4+ €9r) Az — €75 T (s) Az)|| dr
sy 1o
L
16 16 ;
+ sup - S 7T — 1] [|e™ T (s + ) Az || dr
s€59 i
f—e 0
< sup |le7V*T(s)Ax — e V" T(r)Ax)|| + sup |e”6i9T — 1|N.(Az) — 0
S,’f‘eg?s_g 0<r<t
[s—r|<t
as t — 0 because the function s — e™*T(s)Ax is uniformly || - [|-continuous

in Ss_. and the function s — eve’s i uniformly continuous on any compact
interval [0, 7]. Hence, z € D(Bg) and Byz = €' Ax.

We have shown that for every 6 € (—(é —¢),8 — ¢), the operator €? A|
with domain D(eA|p,) = {z € D(A): Az € £.} is the generator of the
Co-semigroup (U.(e%));>0 on £2.. But this means that the operator A|p,
with domain D(A|p,) = {z € D(A) : Az € 2.} is the generator of an
analytic Co-semigroup on (2. This semigroup is given by (Uc(t)),c5, .- =

We note that the strong continuity of the semigroups (U.(t));c3, _ im-
plies that the spaces (2. are in fact densely and continuously embedded in
each other with increasing ¢ and in X, since (J,5q U-(¢)f2. C Xo C 2. and
Uyso Us(t)92: is N.(-)-dense in (2.

3. Existence and uniqueness of solutions. Suppose A is a densely
defined, closed linear operator on the complex Banach space X, satisfying (3)
for some 0 < w < 7/2, C' > 1 and n > —1. Note that we explicitly assume



Abstract Cauchy problem 7

w < m/2, that is, we do not require that o(A) contains a half plane. A
straightforward argument using the power series expansion of the resolvent
(A=At of Ain X\ € S, shows that there exists a ball By of radius d
centred at zero such that B; C o(A) and

A=A~ < CA+|AD" forall A e BgUS,,.

Hence, we can define fractional powers (—A)* with b € C, as in [15].

Let 0 < b < 7/(2(7 —w)) and put p = 7/2 — b(7 — w). By [15, Propo-
sition 2.12], the fractional power —(—A)® is the complete infinitesimal gen-
erator of an analytic semigroup {7}(t) : t € S,} of growth order (n +1)/b.
More precisely, Tp(+) is a family of bounded linear operators on X satisfying

(i) To(t + s) = Tp(t) Ty(s) for all t,s € 5,
(ii) the mapping t — Tj(¢) is analytic in the sector 5,
iii) the operators Ty(t) with ¢ € S, are injective,

)

(iii

(iv) there exists C > 0 such that for every ¢t € 5,
(6) IT5()]] < Cy(Ret — [Im | tan(b(r — w)))~"+D/",
(v) the set Xj = [J,5T5(¢)X is dense in X.

We write £2,(A) and (2, .(A) with 0 < ¢ < p to denote the continuity set
and the angular continuity sets of T3(+), respectively. In the applications, the
continuity sets play a very important role so that it is interesting to obtain
lower and upper bounds for these sets. In addition to the inclusions given
in Section 2, we have

DA™Y C 2, (A) forall0<e<op.
This follows from the fact that the holomorphic (—A)~ ("1 _regularised
semigroup (Wp(t))ies, generated by —(—A)"+1(—A)(—A)="+1) (see [7,
Theorem 5.4 and Proposition 5.3]) is given by Wj(t) = Ty(t)(—A)~ D
for all t € §,, and Wy(0) = (—=A)~("+1). By [6, Definition 21.3], for every
0 < e < p, Wy(-) is strongly continuous on S,_.. Hence D(A"*1) C 2, .(A).
Let 0 < ¢ < p. From the estimate (6), it follows that

cos(b(m — w))\" /b -
(7) HTb(t):cHng(w) (=D l2]] forall t € SO

Hence we may choose v = 0 and obtain Ny .(z) = SUP; 50 |T5(t)xz]| as the
norm on 2 (A).

By Up o(-) we denote the analytic Co-semigroup of contractions on §2; .(A)
as given by Proposition 2. That is, Uy (1) = Ty(t)|0, (a) for all ¢ € 52—57
and Ubﬁ(O) = I-Qb,s(A)'

If the operator A is non-densely defined and satisfies (2), then we consider
the part Ap of A in the Banach space (Xp = D(A),||:||), that is, the operator
Ap : D(Ap) € Xp — Xp with domain D(Ap) = {z € D(A): Az € Xp},
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defined as Apz = Az for @ € D(Ap). The operator Ap is densely defined
and satisfies (3) with n = 0. Hence, we can construct fractional powers of Ap
and the semigroups generated by them. We denote by 2,(Ap) and (2, .(Ap)
the associated continuity sets.

We now turn our attention to (ACP) for the operator A above. By a
solution of (ACP) we mean a || - ||-bounded function v € C%(]0,00[; X) N
C(]0,00[; D(A)) such that u”(t) + Au(t) = 0 for all ¢ > 0, and lim;_g u(¢)
= Ugp.-

Our main result reads as follows.

THEOREM 3. (i) If A is densely defined and satisfies (3), then (ACP)
has a unique solution for all ug € £21/5(A).

(ii) If A is non-densely defined and satisfies (2), then (ACP) has a
unique solution for all ug € £2y5(Ap).

Proof. (i) From [15, Lemma 1.4], it follows that (—A)Y2(—A)"/2z =
— Az for all z € D(A*"t*). By [15, Lemma 2.10], 50 T1/2(t)X C D(A™).
Hence, the function u(t) = T 9(t)uo is a solution of (ACP).

Assume that there is another solution v of (ACP). Since 0 € o(A), the op-
erator (—A)_(”+2) is bounded. Hence, we may consider the function v given
by (1) = (—A)~ (1) for all t > 0, and the vector g = (—A)~ "2y,
Clearly 1 is a solution of (ACP) for the initial value . Moreover, 1
is a solution of the corresponding abstract Cauchy problem in the Ba-
nach space (D(A™F2),|| - ||,42), where || - ||.qo stands for the graph norm
lelluge = llzll + [147+2a]| for all & € D(A™2).

As mentioned above, we have the inclusion D(A"2) C §21/2,.- Since the
Banach spaces D(A"*?) and {21/, are both continuously embedded in X,
it follows by the Closed Graph Theorem that this inclusion is continuous.
Hence, ¢ is a solution of the abstract Cauchy problem considered in the
Banach space ({25, N1/2.(+)). Moreover, by Proposition 2, the part of A
in {21/, is a sectorial operator. Therefore we may apply Balakrishnan’s
Theorem [2, Theorem 6.1] on sectorial operators to conclude that

U(t) = Uiyao(t)tho = (—A) T jp(tyug  for all £ > 0.
Since the operator (—A)~("t2) is injective, this means v = u.
(ii) In the Banach space Xp = D(A), consider the problem
u"(t) + Apu(t) =0 fort >0,
(ACPp) ¢ u(0) = ug,
supgsollu(t)] < co.
By (i), the function up(t) = TBQ(t)uo is the unique solution of (ACPp). Here

D
T1/2

(-) denotes the semigroup associated with —(—Ap)'/2. Clearly up is also
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a solution of (ACP). Let v :]0,00[ — D(A) be another solution of (ACP).
Since v(t) € D(A) for all ¢ > 0, it follows that v'(t) = limj,_o ¢t~ (v(t + h) —
v(t)) € Xp for all t > 0 and, similarly, that v"/(¢) € Xp for all ¢ > 0. As v(+)
solves (ACP), this implies v(¢) € D(Ap) for all t > 0, and therefore v is a
solution of (ACPp). Hence, v = up. m

REMARK 1. As mentioned in the introduction, Theorem 3 with initial
datum ug € D(A™!) can be deduced from Theorem 5.4 of [7] and the ideas
needed in the proof of Remark 2.14 of [5]. However, D(A™*1) is, in general,
strictly contained in (2 /5(A) as the following example shows.

ExaMPLE 1. Let (Xq,]|-||1) and (X2,]|-||2) be complex Banach spaces.
Suppose A; is an operator in Xy with polynomially bounded resolvent and
such that —(—A1)1/2 is the complete generator of an analytic semigroup of
growth order a for some a > 0. Denote by T7(+) this semigroup associated
with —(—A1)1/2. Let Ay be an unbounded, densely defined, sectorial opera-
tor in X such that 0 € p(Ay). Then the fractional power —(—Ag)"/? is the
generator of an equibounded analytic Cy-semigroup, say T5(-). Consider the
Banach space X = X7 x Xy endowed with the norm

2]l = max{lzyly, [|e2lle}  for all 2 = (21,25) € X

and the operator A in X with domain D(A) = D(A;) x D(Az) and defined
by
A(xy,29) = (A1xq1, Agwg)  for all (w1, 29) € D(A).

Then — A is an operator with polynomially bounded resolvent and —(—A)l/2
is the complete infinitesimal generator of the analytic semigroup 7'(-) =
T1(-) x Ty(-) of growth order a. Since the continuity set of T5(-) is equal to
X, and Aj is unbounded, the continuity set of T'(-) strictly contains D(A*)
for all k> 1.

4. Applications to partial differential equations. In this section,
we give a few concrete examples of differential operators which satisfy (2)
or (3) and, consequently, to which Theorem 3 can be applied.

Let 0 < a<1,m €N, and {2 be a bounded domain in R™ with smooth

boundary. In the space C*(§2) of Hélder continuous functions consider the

operator B : D(B) C C%(£2) — C°(42) given by
Bu(z) = Z ag(x)Du(z) for all z € 02,
[31<2m
with domain D(B) = {u € C¥"+*(2) : DPulsn = 0for all |5] < m — 1}.
Here, 3 is a multiindex in (NU{0})", |8|=3_7_, §; and Df = J (1 %)ﬁj.

We assume that the coefficients ag : 2 — C of B satisfy the following
conditions:
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(a) ag(z) € R for all € 2 and |8] = 2m,
(b) ag € C°(R2) for all |8] < 2m, and
)

(c) there is a constant M > 0 such that

M < Z ap(x)® < M|EJ*™  forall £ € R" and z € 2.
|8|=2m

In [17, Satz 1] it is proved that for o > 0 sufficiently large, the operator
A = —(B + o) satisfies (2) with v = a/(2m) — 1 and 7/2 < w < 7. Note
that A is not densely defined since D(A) = D(B) C C§(2) = {u € C*(02):
ulan = 0}. So, Theorem 3(ii) applies to A.

As — A satisfies the conditions of [13], we can also construct fractional
powers and the semigroups generated by them as given there. It is not diffi-
cult to see that {2y 9(Ap) coincides with the set §24 /5(—A) of [13]. Moreover,
we have the following upper and lower bounds for {24 /5(—A). By [13, The-

orem 3.9(iii) and (vii)],
D((_A)b) Cp(-A)CXp forallb> 147 = 2&7
m

and setting Cé:‘aa(ﬁ) ={ue€ Cl-l—a(ﬁ) : Dﬁu|39 =0 for all |8] < 1}, by [4,
Satz 3.3 a)], we have
) 1
CaE*(2) C D((—=A)")  for all 2& <b< o

m m
Note that for b > a/(2m), the fractional powers (—A)° defined in [13] coin-

cide with the ones introduced in [4] and [17]. Hence, since Xp C C(12), we
have

Cob™(2) C 21y5(=A) C C5(92).

As a class of operators with polynomially bounded resolvent we mention
the generators of integrated semigroups. Let & > 0. If A is the densely de-
fined generator of an a-times integrated semigroup 5°(-) satisfying ||.5(¢)||
< MtPe“t for some constants M > 1,w > 0,8 > 0,and all ¢t > 0, then it can
be proved (see [11]) that for all ¢ > 0 the operator A —w — o satisfies (3), in
general with 0 < w < 7/2. Concrete examples of differential operators that
are generators of integrated semigroups can be found in [1, Chapter 8].
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