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Abstract

This paper is devoted to a new family of nonlinear cell-average multiresolution schemes and its applications to image process-
ing. The algorithms are based on nonlinear reconstruction operators with several desirable features: the reconstructions are third-
order accurate in smooth regions, the data used is always centered with optimal support and they are adapted to the presence of
discontinuities.

The goal is to obtain similar properties as linear multiresolution schemes but avoiding the classical Gibbs phenomenon of this
type of reconstructions. Applications to image compression and denoising will be presented.
© 2015 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights
reserved.
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1. Introduction

In the last years, various techniques to improve the classical linear multiresolutions of wavelet type have led to
nonlinear multiresolutions [10,12,14,15,21,22].

In [2], in the context of image compression, a new nonlinear point-value multiresolution, called PPH (for Piecewise
Polynomial Harmonic), has been presented. Convergence and stability of its associated subdivision scheme are derived
[14]. In [3], we established the stability of the PPH multiresolution that, due to nonlinearity is not a consequence of the
stability of the associated subdivision scheme. Edge resolution, robustness with regard to texture or noise, accuracy
and compression capabilities have been numerically investigated.

In most of the considered models in the study of image processing methods, the starting point is to assume that
images are L! functions with certain regularity. For instance, it is possible to find models working in BV, Bll’1 or
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whl [11,13,16]. Thus, it is natural to consider cell average discretization operators when L' is the space where the
original function lives.

In this paper we introduce a new family of cell-average multiresolution schemes that work in the cell-average
framework that is a setting more adapted to image applications. We will make use of the so called p-power means [24].
In [5] a particularization of these schemes (p = 2) was used for image compression.

In the numerical experiments we consider a particularization of the original family presented, comparing its per-
formance through some numerical examples for color image compression and color image denoising. The aim is to
reduce the Gibbs phenomenon [17] of linear multiresolution schemes while maintaining similar performance.

This paper is organized as follows: In Section 2 we recall the Harten framework and we present a new family of
nonlinear cell-average multiresolution schemes. In Section 3, we find the exponent p that performs better for the p
means. Using the bivariate context of tensor product, the new family of reconstructions is tested in Section 3 on color
images, allowing to compare the performances of linear and nonlinear schemes.

2. The Harten framework

In this Section we review Harten’s framework for multiresolution, considering the cell-average setting.

Harten’s general framework for multiresolution [9,18,19] relies on two operators, decimation and prediction, that
define the basic interscale relations. These operators act on linear vector spaces, VX, that represent the different
resolution levels (k increasing implies more resolution)

Dyt vh o vt (1

PE VL VR )
and they must satisfy two requirements of algebraic nature: (a) D,’; ~! must be a linear operator and (b) D,’E -1 P,f_l =
Iyk-1 (consistency), i.e., the identity operator on the lower resolution level represented by yk=1,

2.1. The cell-average multiresolution setting

Let us consider a set of nested grids in R:
Xk =8z =g me=2"Fk=0.... L,

where we consider the discretization
1 k k 1 xf
Dy : L'(R) — V¥, ij(Dkf)j:E/k fx)dx, jez, 3)
Xi

where L' (R) is the space of absolutely integrable functions in R and V¥ is the space of sequences at resolution k.
From the additivity of the integral, we obtain the decimation steps:

Pl

k
1 *2j 1
f}‘—l = (le‘_lfk)j = fx)dx = — sz f)dx = E(fzqu + fzkj)~
Xj-2

=1 Jik-] 2hy
The consistency requirement for P,f_l becomes
1
k—1 k—1 - - -
[iT = @RS = S (P D+ (P TDa)).

Hence, if [~ ! = D’,zfl £, then the two last equations imply that the prediction errors satisfy
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which shows the redundancy inherent in the prediction error.
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By considering only the prediction errors at (for example) the odd points of the grid X*, one immediately obtains
a one-to-one correspondence:

LBt b .
;{ 1:%, d;?:fzkj_l_(Plf_lfk 1)2j—1, “4)
fzkj—l =Pk "N +d, fzkj = fo’l - f2’f]._1. 5)
On the other hand, from [2] we know that the original Lagrange linear interpolation scheme in the cell average
reconstruction using the primitive function can be written as
k—1 k—1
flo = el Lo ol
2j—1 J 4 2 ’
18f T+ ori
4 2 ’
where § is the first order difference operator (6 f k=1~ f ;{_1 - f j].‘__ll).
Following the ideas of point-value PPH interpolation [2], we can consider a more general family of subdivision

schemes and their associated multiresolution algorithms. These subdivision schemes are given by f* = § »(f k=1,
p > 2 with

=1+
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where H), is the nonlinear mean defined in [24] as:
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Notice that H,(x, y) converges to (x + y)/2 when sign(x) = sign(y) and p tends to infinity, and that for p = 2
we recover the harmonic mean [5]. The idea is to obtain a family of nonlinear means with properties similar to
those provided by harmonic mean. In Section 3 it is shown how the variation of parameter p affects the compression
properties of the multiresolution algorithm.

Hy(x,y) = sign(x) + sign(y) x +y (1 -

3. Numerical experiments with color images using cell-average multiresolution schemes

In practice, a discrete sequence f is encoded to produce a multi-scale representation of its information contents,
MfE = (f%d' %, ..., db),

where L is the number of multiresolution steps and {d ..., dL} are the non redundant prediction errors. This
representation is then processed and the end result of this step is a modified multi-scale representation ( f°, d', d?,
...,d") which is close to the original one, i.e. such that (in some norm)

10— fOl<ep Nd*—d*l<ex 1<k<L,

where the truncation parameters &y, €1, . . ., £ are chosen according to some criteria specified by the user.
The simplest data compression procedure is obtained by setting to zero all the scale coefficients which fall below a
prescribed tolerance. Let us denote

(7

. 0 |d¥ <&
J r(d;; &) ! d f otherwise

and refer to this operation as truncation. This type of data compression is used primarily to reduce the “dimensionality”
of the data. As shown in [20], the decay condition states that the energy of the multiresolution coefficients grows
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with every step of the multiresolution pyramid. Thus, the initial truncation parameter ¢ is divided by two with every
multiresolution step taken,

e =2"%, k=0,1,...,L,

being ¢ = ¢ the initial truncation parameter and L de number of multiresolution steps.
A different strategy, which is used to reduce the digital representation of the data is “quantization”, which can be
modeled by

d*
dr = qu(d]?; &x) = 2&x - round L ) ®)
J 2ek

where round [-] denotes the integer obtained by rounding. For example, if |d§?| < 256 and g = 4 then we can
represent d;‘ by an integer which is not larger than 32 and with a maximal error of 4. Observe that if |d§‘| < & =
qu(dj.‘ ; &) = 0 and that in both cases

k Gk
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Applying the inverse multiresolution transform M ! to the truncated version of the direct multiresolution of f*
denoted by trf (M fL), where ¢ represents the truncation parameter, we compute f L= M~tre(MfL).

After decoding the processed representation, we obtain a discrete set f L which is expected to be close to the
original discrete set fL.

We then compute the PSNR (Peak Signal Noise Ratio), which is a widely used measure for the estimation of the
quality of the reconstructed image [23]. For an 8 bit image, with values of each pixel between (0 — 255),

255
PSNR = 20log, (—) :
IfE = fEln

A higher PSNR number implies a better quality.

In order to perform some experiments, it is important to find the exponent p that works better for the p-means in
(6). In order to do this, several images have been tested, but we present the results obtained for the two images shown
in Fig. 3.

It has been found that, for all the cases, the best PSNR results are obtained for p € [4, 6] as it can be seen in Fig. 1.
We have particularized the family of schemes presented for p = 5. In this Section we will use the images presented
in Fig. 3. The red house image is a real image of 256 x 256 pixels with sharpen geometrical characteristics. Drawing
1 image is a geometrical synthetic image in plain colors of 512 x 512 pixels.

3.1. Numerical estimation of the stability constant

As mentioned in previous Section, after decoding the processed multiresolution representation, we obtain a discrete
set f which is expected to be close to the original discrete set . In order for this to be true in our case, some form
of stability is needed, i.e. we must require that

AL L
”f _f ”1 50(80’811""8L) (9)
where o (-, ..., -) satisfies
lim o(ep, €1,...,6r) =0.
g—0, 0<I<L

Usually the stability is proved by verifying the following inequality [6—8],
L
I = rti=c (nf0 e B A —d"n) :
k=1

where C is called the stability constant.
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Fig. 1. PSNR versus p parameter for the images shown in Fig. 3. The number of coefficients have been fixed to those obtained by the new method
with a truncation parameter ¢ = 25. The highest PSNR values (in red) correspond to the geometric image. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

In order to obtain a good compression rate, the truncation parameters ¢ in (9) are selected with a size that is
larger than the absolute value of the details associated to the smooth regions (the decay of the details depends on the
smoothness of the original function) and smaller than the size of big discontinuities to ensure a good reconstruction.

In order to estimate the stability constant for the /; norm we consider a discrete sequence fL = (f jL) with 512

points. Then, we descend in the multiresolution pyramid obtaining its multiresolution representation M fL = { f9, d!,

...,d"} (L = 4 in our numerical test). We perform a random perturbation of this representation to obtain
{fo, dl, ..., dL}, and we measure the size of the perturbation by
A L ~
Ep=1f= O+ > Id* —d*|h. (10)
k=1
Next, we use the decoding algorithm to obtain an approximation f L= pm Yy f 0d, ..., c?L} to the original discrete

sequence. We measure the error committed as

E.=IIff = fHh. (11)

A numerical estimation of the stability constant is provided by the ratio Cy = g—;

In order to obtain a numerical estimation of the stability constant, we have considered the sequence given by a
row of the Red house image in Fig. 2. In Table 1 we display the results of our numerical test, comparing the results
obtained by the new algorithm particularized with p = 5 with those obtained by the linear algorithm. In general, the
compression rates obtained are similar for both cases. The linear algorithm corresponds to biorthogonal wavelets, so
the similarity between the results could be intuitively explained through the stability of the nonlinear algorithm.

3.2. Image compression

In what follows we will compare the results obtained using the family of methods presented, particularized for
p =5, versus those obtained by the linear method, both configured to work with cell averages. We will use the PSNR
as a numerical estimator to measure the quality of the resulting compressed images. We consider the RGB color model
and we present the numerical results obtained for each color band, and also for the global image.

We apply the one-dimensional transforms to images via the classical two dimensional tensor product approach [19]
to generate the 2D multiresolution algorithm.

The images presented in Fig. 3 have been selected to perform further experiments.

If we set the truncation parameter to ¢ = 25, we obtain the approximations shown in Fig. 4 for the linear scheme and
for the new family of schemes proposed, particularized for p = 5. In Fig. 5 we present a zoom of both results, where
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Fig. 2. Row 256 of the Red house image.
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Fig. 3. Test images used to select the best value of p parameter. From left to right and top to bottom: Drawingl, Red House.

Table 1
Estimations of the stability constant for different values of the truncation parameter ¢, with L = 4 multiresolution levels. Row 256 of the Red
House image.

€ 0.1 0.5 1 10 20 50
p= 1.5873 1.0774 0.8436 0.5638 0.5711 0.5581
LIN 1.1191 0.8024 0.7986 0.5642 0.5567 0.5527

the differences are evident. In the approximation obtained by the linear method, we can observe several numerical
effects that are not present in the result obtained by the new method. The numerical effects that appear in the result
obtained by the linear method (mainly diffusion and Gibbs effect) are a consequence of using the same kind of
reconstruction in the whole image, without making a special treatment at the edges. The new method tries to adapt to
discontinuities in order to avoid edge diffusion and Gibbs effect.
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Fig. 4. Left, reconstruction of Red House image using the new algorithm p = 5. Center, reconstruction using linear method. Right, original image.
Number of multiresolution levels, L = 4, ¢ = 25.
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Fig. 5. Left, zoom obtained from the reconstruction of Red House image using the new algorithm p = 5. Center, zoom from the reconstruction
using linear method. Right, zoom of the original image. Number of multiresolution levels, L = 4, ¢ = 25.

Table 2
Red House Image : Number of significant coefficients, /| norm of the compression error, PSNR quality
estimator, number of multiresolution levels L = 4, truncation parameter ¢ = 25.

e =125

p=>5 RED GREEN BLUE
nnz 841 1373 1118

I 5.2876 5.1527 5.1558
PSNR 30.3407 29.9657 29.9011
LIN RED GREEN BLUE
nnz 862 1495 1251

I 5.4377 5.7336 5.5812
PSNR 30.3948 29.7342 29.6499

The numerical results obtained for both compression methods are presented in Table 2. As it could be expected, in
this table we can observe that the results obtained by the two methods are quite similar. This is in accordance with the
reconstructed images shown before. The number of significant coefficients, i.e. reconstruction errors above 25, and
error estimators belong to the same order of magnitude for all the three bands.

In order to compare more efficiently the performance of the two algorithms, we show Table 3. In this table we
present the PSNR, the mean of the error and the total number of significant coefficients obtained by the linear and the
new method for the global image.
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Table 3
Red House Image : Number of significant coefficients, /; norm of the compression error,
PSNR quality estimator, number of multiresolution levels L = 4, truncation parameter

e =125.
e =25
p=5 Linear
nnz 3332 3608
I 5.1987 5.5841
PSNR 30.0649 29.9138
Table 4

Red House Image : Number of significant coefficients, /; norm of the compression error, PSNR quality
estimator, number of multiresolution levels L = 4. Table obtained fixing the number of significant
coefficients to those resulting from compressing the image with the new algorithm setting the truncation
parameter to & = 25.

e =25

=5 RED GREEN BLUE
nnz 841 1373 1118
I8 5.2876 5.1527 5.1558
PSNR 30.3407 29.9657 29.9011
LIN RED GREEN BLUE
nnz 841 1373 1118
I 5.4739 5.9279 5.7826
PSNR 30.3303 29.3760 29.2752

Table 5

Red House Image: Number of significant coefficients, /{ norm of the compression error,
PSNR quality estimator, number of multiresolution levels L = 4. Table obtained fixing
the number of significant coefficients to those resulting from compressing the image with
the new algorithm setting the truncation parameter to & = 25.

e =25
p=35 Linear
nnz 3332 3332
I 5.1987 5.6261
PSNR 30.0649 29.6352

In Table 3 it can be clearly seen that for a lower number of significant coefficients the new method obtains a slightly
better PSNR. In order to compare the schemes with more accuracy we fix the number of significant coefficients to those
obtained by the new algorithm for a truncation parameter of 25. The results are shown in Tables 4 and 5.

As it has been said before, the numerical results obtained by both algorithms are similar. Even though, the visual
quality of the resulting compressed images is also very important, and this visual quality is only assured by the absence
of unwanted numerical effects. If we look at the reconstructed images (Figs. 4 and 5), we observe that at the edges
of the result obtained by the linear method we can find several zones affected by artifacts that are not present in the
reconstruction obtained by the new method. This is due to the fact that the p-power mean tends to reduce the Gibbs
effect and edge diffusion that are impossible to avoid if we are working with linear type reconstructions.

If we vary the truncation parameter ¢ from 5 to 50 in order to analyze the performance of the algorithms in
a wider spectrum, we obtain the result shown in Fig. 6. The values represented in the graphic are the quotient
between the PSNR values obtained by both algorithms versus the number of retained coefficients in the multiresolution
representation. The equation that has been used, can be expressed as follows:

PSNRN e

O New 12)
PSNRp N

RNew/LIN =
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Fig. 6. Red house image. Relation between PSNR values obtained by the linear and the new algorithm when compressing Red House image. The
values represented are obtained via the equation: Ryew/LiN = %ﬂ‘ This time the number of significant coefficients has been fixed to
those obtained by the new algorithm p = 5, when compressing the same image with a truncation parameter ¢ varying in [1, 50]. The number of

multiresolution levels is L = 4.

Since all the points in the graphic are around 1, the new method obtains similar results to those obtained by the
linear method in all the sampled points of the considered interval. Even though, it is also very important to have into
account the presence of numerical artifacts at the output of the algorithms. As it can be seen in Fig. 5 the linear method
presents Gibbs effect and edge diffusion.

3.3. Image denoising

The wavelet thresholding procedure aims to remove noise by thresholding only the coefficients of the detail
subbands while keeping the low resolution coefficients unaltered.

In this Section the new family of algorithms will be applied to noise reduction in color images. Because of the fact
that we are interested in testing the performance of these algorithms in the presence of noise, it will be considered that
the statistical nature of this noise is already known. More specifically, additive white gaussian noise (AWGN) with zero
mean and variance depending on the amplitude of the noise will be set for all the experiments. The denoising process
of a contaminated image consists in truncating the multiresolution details in a more or less sophisticated manner,
depending on the method used, while maintaining untouched the fraction of the multiresolution matrix corresponding
to significative coefficients. This task can be tackled through two different technics: Hard Thresholding and Soft
Thresholding.

Hard Thresholding consists in truncating directly the details of the multiresolution matrix. This process corresponds
exactly to the one described in (7). If we call A to the matrices of prediction errors (4) obtained at each multiresolution
level, then (7) is equivalent to:

tré(A) = A,
where the value of the A for each level of the multiresolution matrix is given by the following expression:

ok
! Ai-‘ , otherwise.
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From the equations shown before it can be observed that the truncation parameter is the same for all the coefficients
placed at the same level in the multiresolution matrix.

Soft Thresholding [16], however, makes use of a truncation threshold that depends on the multiresolution scale and
the noise variance, or some kind of estimation of it. In order to estimate the noise variance we have supposed that the
original image and the noisy one are available. The expression for the truncated coefficients is the following:

Af = n:(AF) = sign(Af»‘) . max(abs(A{-‘) — &, 0).

As it has been mentioned before, the value of the threshold depends on the estimation of the noise variance which
will be different for every level in the multiresolution process. We use the following thresholds for each level of
multiresolution &:

0,/2 - In(M})

O+ DGt D

0,/2 - In(M))
gh= V2
k+1)-(k+1)
k
8§ _ 04/2 - In(M3)

(k+1)-(k+1)

where M{‘, Mf, Mé‘ match with the sizes of the matrices A’f, Aé, A';, k = 1,2,...,L, being L the number of
multiresolution levels and o2 represents the noise variance.

The aim of this Section is to compare the linear and nonlinear presented schemes for image denoising. The
comparison is based on the PSNR image quality measure and on the visual quality of the results.

We work with color images in RGB format, so the process of noise reduction will be done separately in each one
of the three color bands.

Denoising: numerical experiments

In this Section we will present the numerical and visual results of some experiments. We will work with color
images, so the process of noise reduction will be done in the three color bands. The mean (6) chosen corresponds to
p = 5. A series of graphics corresponding to the relation between the results obtained by the new and the linear cell-
average scheme will also be presented. These graphics have been obtained making use of the expression in (12). This
way, whenever we obtain a value for Ry, n larger than one, the result obtained by the new method will be better
than the one achieved by the linear algorithm (in what respects to numerical estimation of the reconstructed image
quality via the PSNR). The visual quality of the resultant image from the reconstruction process is not completely
determined by any known measure, so we could encounter certain situations where the PSNR does not work correctly,
not being an accurate estimator of the visual quality of the reconstructed image. Thus, when comparing the numerical
results obtained by both algorithms, we will take into account not only the PSNR of the results, but also the presence
or absence of numerical artifacts such as the Gibbs phenomenon or edge diffusion.

The image we will use in this Section is presented in Fig. 7 (top left). In this group of four images we can see, from
left to right and top to bottom, the original image, the image contaminated with AWGN noise and the reconstructions
obtained by the linear and the new algorithm. The maximum amplitude of the noise used to perturb the original image
is equal to 15 for all the experiments. This means that the estimation of the standard deviation o will also be 15. The
depth of multiresolution will be L = 4 for all the experiments.

Centering our attention in the results obtained by both algorithms, Fig. 8, we can reach the conclusion that the
image recovered by the new algorithm seems to have a better quality than the one obtained by the linear algorithm.
In the image obtained via this last method we can find the presence of certain edge diffusion as well as the Gibbs
effect, very clear in the vertical, and horizontal edges of the image. In the results obtained by the new algorithm these
numerical artifacts are reduced or not present at all. In general, it can be observed that the results achieved by the
new method are much more clear at the edges and that the Gibbs effect has been cancelled. In order to better justify
the conclusions presented in the last paragraph, we can show a zoom of certain critical zones of the results. If we
take a look to Fig. 8 we will be able to see zooms of the original image, the noisy image and the reconstructions
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Fig. 7. Top left original red house image, top right original image with AWGN noise, bottom left denoising with the new algorithm p = 5, bottom
right denoising with LIN, L = 4, ¢ set via Soft Thresholding, noise amplitude equal to 15.

obtained by both algorithms. It is clear that the result obtained by the linear algorithm is affected by the Gibbs
phenomenon which appears principally near the vertical discontinuities. Diffusion effects are also present and can be
observed as blurred zones surrounding all the discontinuities. Both effects are reduced in the result obtained by the new
algorithm.

If we look now at the results presented in Table 6, we can observe that the /{-norm is slightly smaller in all the
bands for the new algorithm than for the linear one. As a direct consequence of this result, the PSNR obtained for
the new algorithm is similar to the one obtained by the linear scheme. In Table 7 we can find the norms of the global
errors, i.e., the error taking into account the three bands of the RGB image. It can also be found the PSNR for the
whole image. As it could be expected, the results obtained are similar for both algorithms. It is important to remark,
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Fig. 8. Top left zoom of the original red house image, top right zoom of the original image in the presence of AWGN, bottom left denoising with
the new algorithm p = 5, bottom right denoising with LIN, L = 4, ¢ set via Soft Thresholding, noise amplitude equal to 15.

Table 6
Red house image: [1 norm of the error, PSNR quality estimator Peak Signal to Noise Ratio, number of
multiresolution levels L = 4, noise amplitude equal to 15.

Soft thresholding

p=>5 Red band Green band Blue band
I 5.7054 6.0453 5.7973
PSNR 29.9534 28.9001 29.2636
LIN red band green band blue band
I 5.7932 6.3864 6.0949

PSNR 29.9090 28.7677 29.0661
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Fig. 9. Relation between the PSNR obtained by the linear and the new algorithm for the red house image, Ryew/LIN = ];’?9%711?3;'

Table 7
Red house image: [1 norm of the error, PSNR quality estimator Peak Signal to Noise
Ratio, number of multiresolution levels L = 4, noise amplitude equal to 15.

Soft thresholding
p=>5 Linear
PSNR 29.3507 29.2213
I8 5.8494 6.0915

in this case, that the new algorithm not only obtains a similar performance in what relates to quantitative results, but
it also avoids the numerical artifacts that appear when we use the linear algorithm, outperforming its visual quality.

In order to test the performance of both algorithms in a wider spectrum of noise amplitude values, the graphic in
Fig. 9 shows the relation Ryeyw L1y between the PSNR values obtained by both algorithms for amplitudes of noise
between 10 and 50.

Fig. O reveals that the PSNR obtained by the new algorithm is similar to the results of the linear algorithm for the
noise amplitudes tested. For greater values of noise amplitudes, the result is still similar for both methods but the
linear algorithm presents a slightly better quantitative result. As it has been mentioned before, besides the quantitative
result, it is important to have into account the visual quality of the resultant image, that can be affected by the presence
of unwanted numerical effects. Gibbs effect and diffusion are always present in the results of linear methods.

Finally, in order to test the new method more exhaustively, we can compare its results with a commercial denoising
tool. We have chosen the Gaussian filter because it is easy to find inside the libraries of many commercial packages
such as MATLAB. The Gaussian filter is based on a two dimensional convolution operator, and it works removing
details and noise, if present, from the target image. A circularly symmetric gaussian has the following expression:

_ )r2+y2

e 2072,

Gx,y) =

2mo?

The main idea is that the Gaussian filter tries to make a weighted average between a discrete representation of the
bidimensional Gaussian distribution and the pixels of the image. The central value of the discrete distribution matrix is
placed over the pixel we want to treat and then the Gaussian smoothing can be performed using standard convolution
methods. The Gaussian filters used in the present work have been obtained using a convolution window of 5 x 5 and



S. Amat et al. / Mathematics and Computers in Simulation 118 (2015) 30—48 43

50 100 150 200 250 50 100 150 200 250

Fig. 10. Top left original house image with AWGN noise, top right denoising with the new algorithm p = 5, bottom left denoising with Gaussian
5 x 5 filter, bottom right denoising with Gaussian 9 x 9 filter, L = 4, ¢ fixed by Soft Thresholding, noise amplitude equal to 15.

9 x 9 pixels, with standard deviation of 5. Outside the boundaries of the image, all the values are assumed to be equal
to the nearest image border value.

The experiments developed with this kind of filters are shown in Fig. 10. By visual inspection it can be seen that
the results obtained by the Gaussian filter, in its both versions 5 x 5 and 9 x 9, are in general more blurred than the
results obtained by the new method. The edges are clearly affected by numerical artifacts in the case of the Gaussian
filter. The 9 x 9 Gaussian filter removes all the noise but, due to the convolution process, it introduces diffusion over
all the edges.

3.4. Zooming of images

The main ingredient that we need to perform zoom of images is a prediction operator. The easiest form of this
prediction appears when we interpret the pixels of the image as point values of a two dimensional function. In this
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Fig. 11. Results for the Red house image. Left: the result obtained by the algorithm proposed. Right: the one obtained by the Lagrange linear
algorithm.

context prediction amounts to interpolation. In the case of cell-averages the prediction is more elaborated, but this
interpretation is better suited to image processing applications.

The recursive application of a prediction operator gives rise to a subdivision scheme. Subdivision schemes are
closely related to multiresolution schemes. In this Section we present some experiments for image interpolation con-
sidering the cell-average setting. Basically, instead of using the same process that we have used for denoising or
compression, (i.e. go down the multiresolution pyramid, modify the details and then go back climbing the multireso-
lution pyramid), we will start from the original image, taking it as the bottom of the multiresolution pyramid. Then,
we will climb the pyramid without details. In [1,4] and references therein, it is explained more deeply how to apply
the multiresolution technique to perform zoom of images.

Interpolation of images: numerical experiments

In this Section we show the performance of the algorithm presented when it is applied to image interpolation. We
compare the results attained by this nonlinear algorithm with the Lagrange linear interpolation. In both cases, the
interpolated image is obtained working in the cell average context.

We will use the two images presented in Fig. 3 with the aim of testing the performance of the algorithms in dif-
ferent situations. More specifically, it can be appreciated that the geometrical characteristics are more or less sharpen
depending on the image.

For the first experiment we use the red house image. In this case we will take the original image of 256 x 256 pixels
and we are going to apply both interpolation algorithms twice in order to obtain an image of 1024 x 1024 pixels.

Because of the fact that we do not have an image to compare with, our quality estimations are based on the visual
quality of each resulting image. This situation makes impossible to establish numerical estimations, such as the PSNR.

The results obtained for this real image can be observed in Fig. 11. As it can be seen in the mentioned Figure, the
two algorithms obtain a good result. A comparison of some relevant zones is presented in Figs. 12 and 13. The new
algorithm performs well at discontinuities trying to avoid edge blurring and sharpening the discontinuities. The linear
algorithm introduces certain numerical artifacts. These effects are due to the fact that the linear method is not adapted
to the presence of discontinuities and, because of this reason, cannot be avoided.

Next experiment focuses on the synthetic geometrical image shown in Fig. 3. In general, the new and the linear
algorithm show similar performance when working with real images. This has been shown in the previous experiment.
The performance of both algorithms differ more when working with geometrical images. This can be appreciated
analyzing Figs. 14-16. In particular, Fig. 15 shows that the linear method does not reproduce exactly the staircase
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Fig. 12. Partial zoom for the Red house image. Left: the result obtained by the new algorithm. Right: the one obtained by the Lagrange linear

algorithm.
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Fig. 13. Partial zoom for the Red house image. Left: the result obtained by the new algorithm. Right: the one obtained by the Lagrange linear

algorithm.

from of the original image. We can see that the image is blurred and affected by Gibbs effect, while the new method
perfectly reconstructs the original shape. Fig. 16, shows a zone clearly affected by Gibbs effect in the linear result.

As it can be seen from the mentioned experiments, the new algorithm manages to perform much better than the
linear one in these particular cases. The main reason why the new method is having better performance is that this
algorithm computes the predictions using a nonlinear adaption to jump discontinuities. Even so, it is important to
mention that the new scheme leads to sharper horizontal or vertical edges. This is due to the fact that we use the tensor
product approach to carry out the multiresolution decomposition. Thus, the oblique edges will appear blurred in the
results. In all the experiments performed, the blurring obtained for the linear case is always a bit worse.
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Fig. 14. Results for the geometric image. Left: the result obtained by the new algorithm. Right: the one obtained by the Lagrange linear algorithm.
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Fig. 15. Partial zoom for the geometric image. Left: the result obtained by the new algorithm. Right: the one obtained by the Lagrange linear
algorithm. Diffusion and Gibbs effect can be observed in this last result.

The conclusion that can be obtained from these results is that the new algorithm is the best option among the two
tested when working with geometrical images. When working with real images, the results are similar, but the new
method reduces diffusion and Gibbs effect.

4. Conclusions

From all the results presented we can take out the following conclusions:

On the one hand, when compressing an image, if we have a multiresolution matrix composed by the same num-
ber of significant coefficients, the new method proposed gives a slightly better result looking at the quality of the
reconstructed image measured by the PSNR. On the other hand, as it has been shown in the experiments, the result of
the linear method presents numerical effects that are not observed when using the proposed new method.
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Fig. 16. Partial zoom for the geometric image. Left: the result obtained by the new algorithm. Right: the one obtained by the Lagrange linear
algorithm. Diffusion and Gibbs effect can be observed in this last result.

For denoising purposes, we can say that the new algorithm obtains, in general, a better result than the linear
algorithm, removing the possible numerical artifacts such as the Gibbs effect or diffusions at discontinuities, typical
undesired effects introduced by linear algorithms. When compared with other denoising filters, such as Gaussian
filters, we obtain again better results due to the fact that this kind of filters introduce a great diffusion.

When interpolating images, the new algorithm performs better for geometrical images. For real images, the perfor-
mance is similar, but it manages to reduce Gibbs phenomenon an diffusion.
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