Applied Mathematics Letters 76 (2018) 157-163

=

Contents lists available at ScienceDirect “=Applied
Mathematics

Letters

Applied Mathematics Letters

www.elsevier.com/locate/aml =

Analysis of the Gibbs phenomenon in stationary subdivision @CmssMark
schemes™

Sergio Amat®, Juan Ruiz", J. Carlos Trillo?, Dionisio F. Yéafiez®4*

2 Departamento de Matemdtica Aplicada y Estadistica, Universidad Politécnica de Cartagena, Cartagena,
Spain

b Departamento de Matemdticas, Universidad de Alcald, Madrid, Spain

¢ Campus Capacitas, Universidad Catdlica de Valencia, Valencia, Spain

4 Departamento de Matemdticas, CC. NN., CC. SS. aplicadas a la educacién, Universidad Catdlica de
Valencia, Valencia, Spain

ARTICLE INFO ABSTRACT
Article history: In this paper sufficient conditions to determine if a stationary subdivision scheme
Received 14 July 2017 produces Gibbs oscillations close to discontinuities are presented. It consists of the

Received in revised form 25 August
2017

Accepted 25 August 2017

Available online 1 September 2017

positivity of the partial sums of the values of the mask. We apply the conditions
to non-negative masks and analyze (numerically when the sufficient conditions are
not satisfied) the Gibbs phenomenon in classical and recent subdivision schemes
like B-splines, Deslauriers and Dubuc interpolation subdivision schemes and the
schemes proposed in Siddigi and Ahmad (2008).
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1. Introduction and review

Subdivision schemes are powerful tools for generating curves and surfaces. They are used in many
applications in different fields such as computer aided geometric design, computer animation or computer
graphics. Following the notation used by Dyn and Levin in [1], a univariate stationary subdivision scheme
with finitely support mask a = {a;};ez is defined as beginning with an initial sequence of finite data
f2 = {f%}icz. New values are obtained through refinement at level k + 1, denoted by f*+1 = {fF™1},c5. It
is the maximal set obtained by applying the rule:

(Safk)i = fik+1 = Zai—wff, 1 € 7.
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There are two rules to define the points on the level k + 1:

( af k+1 ZQQ'yfz ¥ ) S Z7
1)
(Saf®)2is1 = fgkzill = Za27+1f£7, ieZ.
YEZ
We can represent these rules using algebraic formalism in terms of z-transforms. The symbol of the mask
a = {a;};ez is defined as a(z) = ngzajzj~ If al*] is denoted as the k iterated symbol (see [1]), then, it is

known that al¥l(z) = Hlea(ZQZ_l). Therefore, if 0 < 1 < 2¥ then

kal-‘rl (S f )2k1+l ( [k]f 2ki4l — Z agk,hqu—'y: (2)
YEZ
with
k] = Zagkfl]aj,gi, (3)
i€L
being agl} = a;, Vj. In what follows, we review the notion of convergence of the subdivision scheme:

Definition 1. A subdivision scheme S, is uniformly convergent if for any initial data 0 = {f°};cz, there
exists a continuous function f such that for any closed interval I, f satisfies:

lim sup |(SEf0); — f(27%4)| = 0. (4)

k—oo ic2kT

Then, we call S2°f0 = f.
In this paper we will impose to the coefficients of the mask the following conditions:

C1. The mask a = {a;};ez is defined as:

1<a <1, M<j<M+N,
ay,an+nN # 0, (5)
a; =0, j>M+ Norj<M,

being M < 0 and N fixed integers with N > 2 and M + N > 0.
C2. The scheme S, is convergent. Therefore, one necessary condition is

Z A2~ = Z A2~v41 = 1. (6)

YEZ YEZ
C3. For any f € C", n > 2 and any h > 0, with

P = f(ih),icz, if the scheme has primal parametrization,
= f((z — %)h)7 1 € Z, if the scheme has dual parametrization,
then
max| (53 f%)(z) — f(2)] < KA",
being K a constant which depends on f, and it does not depend on h.

The order of approximation determines the precision of the subdivision scheme. Gibbs oscillations could
occur in the limit functions close to discontinuity zones. The aim of this paper is to analyze the properties of
the masks of the schemes in order to determine when these oscillations will appear. We describe the Gibbs
phenomenon using the definition by Gottlieb and Shu and characterize the schemes with Gibbs oscillations in
Section 2. We present some classical subdivision schemes and, finally, we apply these conditions to subdivision
schemes with non-negative masks.
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2. Gibbs phenomenon in stationary subdivision schemes

In this section we use the characterization of Gibbs phenomenon introduced by Gottlieb and Shu in [2].
Given a punctually discontinuous function f and its sampling f, defined by fi , = f(ih) (fin = f(ih—1h)if
the scheme has dual parametrization), the Gibbs phenomenon deals with the convergence of (S f;,) towards
f when h goes to 0. It can be delimited by two properties (see [2]).

1. Away from the discontinuity (we denote it as £) the convergence is rather slow and for any point z,
[f(@) = (S fn)(@)| = O(h). (7
2. There is an overshoot, close to the discontinuity, that does not diminish with the reduction of h. Thus,

m6a1§<|f(a:) — (8% fr)(x)| does not tend to zero with h. (8)

We will prove the following theorem that introduces some conditions to obtain stationary subdivision schemes
avoiding oscillations.

Theorem 2.1. Given 0 <& < h, let f be any function defined by

Ve <&, fz)=f-(2), f- € C"( —o0,¢]),
VCL’>£, f(x):f+(m)vf+ GC”([&,—FOOD,

with n > 2 and f_(§) > f+(£). Let Sa be a univariate stationary subdivision scheme with:

k .
Za[2k]7'+l’ v < 0’

T7<1
k] /. - .
)\E ](Z) = Oa = 07 (9)
k .
Za[2137+l’ t> 0’
T>1

0 <1< 2% being a*! defined in Eq. (3). Then, if )\gk] (i) >0, Vi, k; and if h is sufficiently small we have:
Pl. If |z| > max{|M — 1|,|M + N + 1|}h, then

[f (@) = (S fn) (@)| = O(h"),

with n > 2.
P2. If |z| < max{|M — 1|,|M + N + 1|}h, there exists o, = O(h) such that

Jin—an < fy(h) —an < (S37fu)(x) < f-(0) + an = fon + an. (10)

Proof. We follow the sketch of the proof presented by Amat et al. in [3].

For any iteration k, there exist p, , p} such that, for all i ¢ [p,:,pm the evaluation (SE*1fy,)9; 1,1 =0,1
is applied starting only from regular data.

Let us consider k = 0. As 0 < ¢ < h, the discontinuity is between the values fo 5 and fi p, then by Eq. (1)
when v =4 and v = i — 1, these values are used. By definition of the mask a, see Eq. (5), we only have to
determine when the values ag;—2,a9;,_1,a2;, a2;4+1 are different from zero. Therefore, we can define:

_ M-1 . M+N
0

Po = —5— P 5 t1L (11)
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Let us consider k£ = 1. The points calculated using fo and fi, at level £k = 1 are ¢ € [pg,par},
then we have that p; = % +2p; = 3py, pi = W + 2pd = 3(@) + 2. By induction,
p, = (2K — 1)py = (281 — 1)(M), pf = (281 — 1)(MEY) 4 2%, Then for the condition (C3) for
|z| > max{|M — 1|, ‘M + N +1|}h, (P1) is satisfied.

In order to prove the second part of the theorem, we consider the initial data and iterate the scheme.

By Egs. (1) and (6) we have that

afh 21 — ZGQ'yfz v,h = fi,h + Z (Z a27’)(fi—7,h - fi—’y—l,h) + Z(Z G‘QT)(fi—’Y,h - fi—'y—i—l,h)

y<=1 1<~ y21 T2y
—fzh+ Z )\O fz v,h — fz y— 1h +Z)\O fz v,h — fif'erl,h)a
y<-1 ~>1
afh 2i4+1 — ZGQ'y—i—lfz v,h = fi,h + Z (Z a'27'+1)(fi—7,h - fi—'y—l,h) (12)
y<—1 75y
+ Z(Z agry1)(fioyn = fimyt1n)
y>1 72>
—fzh“‘z/\l fz v,h T fz'ylh +Z/\1 fz ’yh_f’t 'y+1h)7
y<—1 y>1
being:
Za2'r+la 1< 07
7<1
Za27+l7 i > 07
T>1

with [ =0,1. If ¢ <0, then

(Safn)2i = fin +Xo(i = 1)(fi,n — fon) + O(h) = fon + Ao(i — 1)(fr,n — fo.n) + (fin — fon) + O(R),
(Safn)2ivr = fin + (0 = 1)(f1,n — fon) +O(h) (14)
= foon + A(i = 1) (fi,n — fon) + (fin — fon) + O(h).

If ¢ > 0, then

(Safn)2i = fin + Xo()(fon — fi,n) +O(h) = frn + Xo(i)(for — fin) + (fir — frn) + O(R), (15)
(Safn)2itr = fin + A(0)(fon — frn) + O(h) = fin + (@) (for — frn) + (fin — fin) + O(h).

Since 0 < \g(4), A1 (3), Vi, and fo, — fi.n > 0, we obtain that if i € [py, pa]
Ji,n — O(h) < (Safn)2is (Safn)2i+1 < fon + O(h).
If k = 2 we get by Eq. (2),
(S2fn)ai = Sa(Safn)ai = (Syarfr)ai = > aips fiyn

YEZL
= fin+ Z (Z aﬂ)(fiﬂ,h = ficy—1,0) + Z(Z aﬁ])(fi—y,h — fi—y+1,n) (16)
y<-1 7'<fy y>1 7>
= fin+ D M Fiern = fimam1n) + D AT firn = firgrn).
y<-1 y>1

By Eq. (3) with,

> O wmas—w), i<,

7<i lEZ
A2y = o, i=0, (17)

SN was-n),  i>0.

>i €L



S. Amat et al. / Applied Mathematics Letters 76 (2018) 157-163 161

Analogously for 47 + 1, 47 + 2, 47 + 3. Therefore, if )\?] (1) >0,V i,0<1<4, then

Ji,n = O(h) < (S, 121 fn)ais (Sqi2 fr)air1, (Sar2 fr)aire, (Sur2 fa)airs < fon + O(h).

Using the same reasoning, through an induction process, we obtain the result for all k. W

2.1. Gibbs phenomenon in classical subdivision schemes

In this section we analyze the Gibbs phenomenon using Theorem 2.1 in some typical examples of
subdivision schemes (see [1]). We will present the limit functions obtained by the different schemes when
the initial data is a sampling of the function,

sin(mzx), x € [0,0.5],
9(w) = {— sin(mz), z €]0.5,1]. (18)

The limit function will be represented by a solid line while the initial data points will be represented with
e markers. The results can be seen in Table 2.

2.1.1. B-splines
A B-spline scheme of degree m > 0 (see [1]) is defined by the following mask:

1 m+1 m . m
0, j>m—[5}orj<—[§]—l.

Then, the B-spline schemes do not produce Gibbs phenomenon at the discontinuity zones because of the
positivity of the mask (Theorem 2.1). Since the limiting curves generated by the B-spline scheme of degree
m are C™ ™!, then we can construct a subdivision scheme with high continuity that does not produce Gibbs
phenomenon. A known example is Chaikin’s algorithm (see [4]). This scheme is used, for example, to design
non-linear subdivision schemes avoiding Gibbs oscillations (see [3]). An example of the results obtained by
this scheme is presented in Table 2(a) for 1D subdivision and Table 2(g) for a 2D curve generation example.

2.1.2. Deslauriers and Dubuc interpolatory schemes [5]

The symmetric interpolatory schemes designed by Deslauriers and Dubuc in [5] consist of replicating the
even values, i.e. (Sqaf¥)2; = fF and calculating the odd values ff:rll as the evaluation of the polynomial
interpolation at 27*~1(2i + 1) obtaining the 2m values fF .., ...,

are defined as:

1
(Saarf*)2is1 = *fk + Ay

! +m. Then, the subdivision schemes

1 9 1

(Saazf*)2is1 = 16 i1 + f’c + = 16 zk+1 ~ 16 ik+27 (20)
150 150

Sorga FRYo o — ko koo 20 gk 9 gk

(Saas f*)ais1 256f1 256fz 1 ¥ 55677 T a56 i T g5g e T gpg ivs

When m = 1 (dd1), it is easy to see that this scheme does not produce Gibbs oscillations. When m = 2
the mask is dd2 = (— 116,07 196, 1, 16,0, 7%6). Since A\ (—2) = 16, the scheme does not satisfy the sufficient
conditions of Theorem 2.1. In fact, in the numerical experiments we can clearly observe Gibbs oscillations.

See Table 2(b) for a 1D subdivision experiment and Table 2(h) for 2D subdivision. Finally, when m = 3 we

present the values of A; in Table 1. As A\{(—2) = —%, analogously to case m = 2, this scheme can produce

Gibbs oscillations. The results for this scheme are shown in Table 2(c) for a 1D subdivision experiment and
Table 2(i) for 2D subdivision.
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Table 1
Values of A1 of the Deslauriers and Dubuc’s scheme with m = 3.
-3 -2 -1 0 1 2
A1(9) 23% *% % 0 - 22526 2;6

Table 2

Figures (a), (b), (¢), (d), (e), (f) present 1D subdivision experiments for the schemes Chaikin, Deslauriers and Dubuc with m = 2, 3,
(21) and (22) with w = 0 and w = 4. In this figures, the original sampling of function (18) is represented with e markers and the limit
function with a solid line. Figures (g), (h), (i), (j), (k), (1) present an application to 2D curve generation for the same schemes.

(a) Scheme pro- (b) DD’s scheme (c) DD’s scheme (d) Siddigi’s sch. (e) Wang-Li's  (f) Wang-Li’s
posed by Chaikin. ~ with m = 2. with m = 3. in (21). sch. w = 0. scheme with w = 4.

LI
areres

(g) Scheme pro- (h) DD’s scheme (i) DD’s scheme (j) Siddigi’s sch. in (k) Wang-Li's (1) Wang-Li’s
posed by Chaikin.  with m = 2. Wlth m = 3. (21). sch. w=0. scheme with w = 4.

2.2. Subdivision schemes with non-negative masks
Using Theorem 2.1, we have the following corollary.

Corollary 2.2. Let S, be a convergent subdivision scheme, with mask a = {an,...,apm+n}. If a; >0,
M < j< M+ N then Sy does not produce Gibbs oscillations close to a discontinuity.

Examples of this type of schemes are B-spline subdivision schemes. We apply the corollary in the following
scheme designed by Siddigi and Ahmad in [6]:

3119 6719 31927 15349 81

Sea fF)gs = k k k k k _O% ¢k

(Ssaf™)2s 122880f * 1oass0li T 20480f1 t 614207 T 12288072 T 109607+ (21)
15349 31927 6719 3119 1

S 5o k k k ko

(SsafP)oipr = 4096ofz mssof“1 + 61440f’ *o0ago i T 122880f “+2 122880f o3

A one dimensional example for this scheme is presented in Table 2(d). In Table 2(j) we present an experiment
for 2D curve generation for the same scheme.

Theorem 2.3 (Siddigi and Ahmad [6]). The scheme Ssa defined in Eq. (21), converges and has smoothness
CS.

Also, Corollary 2.2 can be used in the schemes proposed in [7,8].

Finally, we show the following example designed by Wang and Li in [9]:

(Swif")ai 256((9 Tw) fF o + (84 — 28w) fF | + (126 + 14w) £ + (36 + 20w) £, + (1 +w) fF), )
(Swif*)is1 = 2—56((1 — W) fF o+ (36 — 20w) fF | + (126 — 14w) £ + (84 + 28w) fF 1 + (9 + Tw) fFLo).

Wang and Li calculate the conditions of the convergence proving the following theorem:



S. Amat et al. / Applied Mathematics Letters 76 (2018) 157-163 163

Theorem 2.4 (Wang and Li [9]). The limiting curves generated by the subdivision scheme Sy are C°
continuous in the range —6.2 < w < 6.2, C' continuous in the range —5.4 < w < 5.4, C? continuous in the
range —5.3 < w < 5.3, C> continuous in the range —13—3 <w < %, C* continuous in the range —4 < w < 4,

C® continuous in the range —3 < w < 3, C8 continuous in the range —2 < w < 2, and C7 when w = 0.

If the parameter w € [—1,1] then the masks are positive since Ag(—2) = 5= (1+w) and A1(2) = 52 (1—w).
Thus, by Corollary 2.2, these schemes do not produce Gibbs oscillations. Some examples are presented in
Table 2(e) and (f) when w = 0 and when w = 4 respectively. In Table 2(k) and (1) we present two experiments
for 2D curve generation for the same scheme and the same parameters.

3. Conclusions

In this paper the behavior of stationary subdivision schemes in the presence of strongly varying data,
and in particular the possible apparition of Gibbs phenomenon, has been analyzed. A way to construct
subdivision schemes without Gibbs oscillations has been showed. Using some sufficient conditions, we have
proved that the schemes with non-negative masks do not produce Gibbs oscillations. Therefore, this result
has been used for schemes with high continuity.
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